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ABSTRACT 
The opt ical  charac t e ristic  exhibited  by c ertain l i quids 
known as flow d ouble re fra cti on o ffers att rac t ive feature s in 
the analys i s  of two-dime ns ional laminar flow s ituati ons , e s ­
pecially thos e  i n  whi ch me asuring p robe s  are undes irabl e .  
Such liquids b e c ome ani so tropic to the pas s ag e  of light when 
s e t  in  mot i on; and when they are vi ewed in po l ari z ed light 
whi le flowing through a trans parent channe l ,  vis ible i nt erfer­
e nc e  patterns a re obs e rved . Thes e pat t erns may be re lated  to 
the magnitude and d i rection of th e s hearing s t re s s e s  s et up 
by two-dimen s i onal laminar flow , and from sui table  calibrat ion 
under known flow condi t i o ns they may b e  us e d  t o  d et e rmine the 
s t re s s  di s tribut ion  in an unknown flow s ituat i on .  
Att empt s made by previous i nve s t igators to apply thi s  
t e chnique t o  the analys i s  o f  flow have  not yielded promi s ing 
re sult s . The doubly re fra cting te s t  li qui ds us ed  have bee n  
e ithe r  very uns table o r  ext remely viscou s . Also , re sult s hav e 
been ana lyz e d  unde r the assumpt ion that doub ly re fra c t ing 
p ro p erties  c ould be corre lat ed di re ctly in terms of s t reamline 
dire ct ions and velo c ity gradient s ,  rather than in t erms of the 
direc tion and magni tude of the shearing s t res s e s  in th e liqui� 
Thi s assumpt ion  appears que s t ionable  in the light of certain 
expe riment al  fac t s  not ed  in  this  inves t ig at ion , exc ept for 
flow c as e s  invo lv ing parallel  st reamline s .  
The obj e c t ives  of the pr es ent i nve s tigation we re two ­
fold : · ( a )  the development of me thods for predict ing s tream­
line d irect i on s  a nd v elo c ity gradient s from the s t re s s  dis ­
t ribut i o ns obtained from doub le re fracti on measu rement s, thus 
avo iding the nec e s s ity of any di re ct c orrelat ion  between the 
gradient s themselves  and the doubly re frac ting properti e s , 
and ( b )  the expe rimental appl ication o f  the s e  me thod s t o  two­
dimens ional laminar flow s i tuat ions , and the che cking of re ­
sult s by independent means whenever po s s ib le o 
The des i re d  analyt i cal  me thods we re deve loped , and ex­
pe rimental s tudi e s  were c ar ri ed out fo r the followi ng s i tua­
t ions : ( a )  flow between pa ra llel plate s ,  ( b )  conve rg ing 
and div erging flow betwe en flat , non-parallel  plate s , and 
( c )  flow about a cylind ric al obs tacle  in a bounded channe lo 
In c as e  ( a ) , s t reamli ne s  were det ermine d by the paralle l chan­
nel walls . In c as e  ( b ) , s t reamlines were a s sumed t o  be 
s t ra ight lines emanating radially from the point of int er s e c ­
t ion o f  the non-parallel walls o In.cas e ( c ) , s treamli ne s  
we re det ermined from info rmati on o n  s t re s s  d ire c t ion s obtained 
from the flow·double refract ion  patte rns o The doub ly re ­
fra ct i ng l i quid s employed were aque ous s o luti ons  of a com­
me rcial dye , mi lling ye llow , whi ch remain  s t able over a 
peri od of  app roximate ly two we eks , and whi ch have v i s cos i ti e s  
in  the ne ighborhood o f  twenty c ent ipo i s e s o They s how New­
t onian behav i o r  unde r shearing s tre s s es l e s s  than 5 dynes per 
s quare  c e nt imet e r ,  the range of  int e re s t  o f  this  investiga­
t i on .  Correlat ion of doubly refra c t ing propertie s with stre s s  
was obt ai ned  by obs e rvat ion of the known flow s ituat i on in 
the annula r  space between fixed and rotating c onc ent ri c cyl­
inders . The flow t e st  channel was mad e  of Plexiglas and was 
of rectangular cro s s  s e ction with a hi gh aspect  rat io ( ratio 
o f  width t o  depth ) in  or der to app roximat e two-dimens ional 
f low . The channe l was five inches  wide  and c ontai ned l- inch 
and !- inch de ep s e c t ions j o ined by a c onv e rging s e ction .  
A velo c it y  p ro fi le obtained from doub le  re frac tion 
me asurements  fo r plane para ll e l  flow was checked with that 
predi c t ed by the theo re tical formula for f low b etwe e n  plane 
parallel  plate s , and all point s  ag re ed w ithin+ 3 . 0  per c ent . 
Veloc ity p ro fi le s  in plane paralle l ,  c onverg i ng , and d ive rg­
ing flow were int egrated to  yield total dis charge s  which were 
c ompare d wi th expe rimentally measure d dis charg e s  for e ach 
cas e .  Agre ement was within a maximum d eviat i on of + 10 . 0  per 
c ent and a mean s qua re deviat ion of 4 . 2 per c ent  for all  
plane pa rallel  flow c a s es,and wi thin a maximum deviation of  
+ 13 . 5  pe r c ent and a me an s quare devi ation of  7 . 8 pe r c e nt 
for all c onverging a nd diverging flow cas e s . The e xperimental 
dis charge was re qui red in the analysi s of flow about a cylin­
d ri ca l  obs tac l e , and could not b e  used  fo r c ompa ris on .  How­
ever , the vis c ous drag c o e fficient for the cy linder was c alcu­
lat ed from flow d ouble re fract ion measurements and compared 
with theoretical and experimental literature values. Agree­
ment was found withi n 2.0 per cent with the theoretical value 
and withi n  10.5 per cent with the experiment al value. The 
rang e of flow rates covered was from 20 to 200 cu.cm./se�, 
and cor responded to Reynolds numbers from appzoximately 1 to 
10. 
In conclusion, it appears that the technique offers 
attractive possibi lities for the anal ysis of complex two­
dimensional lami nar flow situations, and with
.
certain ex­
perimental refinements, should be capable of e ven better 
results than those reported above. 
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CHAPTER I 
INTRODUCTION 
During t he las t  c entury a number of t e chni ques ( 5 ) �� 
have been deve loped for t he vi sual s tudy of  fluid motion.  
The s e  have be en of  parti cular use  in  the analy s is o f  flow 
s i tuat ions whi ch are too  c omplex to  analyze  mathemat i c ally , 
and which at the s ame t ime are unsui ted for t he more c ommon 
exp e rimental  measuring devices  such as the p i tot tube or  hot -
wi re anemomete r .  I n  many instance s  the ins e rt ion of  a probe 
of any type into the flowing fluid wi ll d i s t ort the flow , and 
render the re sults o f  measurement s ques t i onable . 
The ma j ority of visual techni que s yield only qualita-
t ive informa t ion about the fluid mot ion . Howeve r ,  the re 
exi s t s  a me thod whi c h  may be used for quanti tat ive s tudy o f  
two-dimens ional laminar flow . This method makes  us e of  an 
optical  p roperty exhibited by certain liquids known as flow 
doub le refra c t ion and depends on the o c cu rrenc e of vis ible 
light int e rferenc e pat t e rns related to  the v i s c ous s t re s s e s  
i n  the moving liquid . The s e  patt e rns a re ob s erved when a 
doubly refract ing liquid i s  caus ed  t o  f low through a trans -
parent channel and i s  viewed in plane o r  c i rcularly po lari zed 
�f.-Numbers in parenthe s e s  re fer to the Lis t  of Refe r­
enc e s , page 9 1 .  
2 
light . Unde r known flow conditions , a quantitat ive re lat ion­
ship  c an be  e s tablished between the obs e rved int e rference 
patt e rn and the rat e  of de format ion in the flowing fluid . 
This  re lat ionship may then be applied t o  det ermine the rat e s  
o f  deformation from the inte rference  pat t ern s e t up by a n  
unknown flow s ituat ion . 
In  s p i te o f  the quant itative poss ibi l ities  o f  the flow 
double refrac t ion techni que , the maj ority of  previous inves ­
t igat i ons ( 6) ( ? ) ( 20 ) ( 21 ) ( 32 )  have been qualitat ive in nature , 
and mo s t  of  the few exi s t ing quant itat ive treatments ( 9 ) ( 15 )  
( 16 ) ( 34 ) ( 35 )  have been bas ed on que stionable a s s umpt ion s . 
Mo reover , previous inves t igators ( 1 ) ( 9 ) ( 32 )  have been ham­
pered by the unde s i rable p ropert ies  o f  their doubly refract­
ing liquids , i . e . , ext reme ly high vi s co s ity o r  marked ins ta­
bility on contact  with mos t  common mat e rials of  c ons t ruc t ion . 
I t  was felt that this metho d offered unique advantages 
fo r the analys i s  of c omplex two- dimens ional laminar flow s it ­
uat i ons , and the pre s ent work was undert aken i n  an  att empt to 
ove rcome s ome o f  the previous difficult ies  and place the 
analys i s  of re s ult s  on a sounder bas is . Spe c i fi cally ,  the 
obj ec t ives  we re twofo ld : ( a )  the development of mathemat i c al 
t echniques fo r flow analysis  from double re fraction me asure­
ments  bas ed on mo re generalized a s sumptions than thos e pre­
vious ly employed ,  and ( b )  the applicat ion o f  thes e t e chni ques 
t o  the experiment al analys is  of a number o f  two -dimens ional 
laminar flow s i tuat ions . It was als o desired  to che ck the 
expe rimental re sult s by independent means  whe rever  pos s ible . 
3 
To achieve the s e  ob jective s , a mathemat ical  analys is  
was made to re late des i red flow parameters to  quanti ties  
whi ch could be obtained from flow double re frac t ion measure ­
ments . Next an expe rimental s tudy was c a rried out for three  
types  of  two- dimens ional laminar flow : ( a )  flow betwe en 
parallel plat e s  in  whi ch cas e the s t reamlin e s  are s t raight 
and paralle l ,  ( b )  flow in converg ent and divergent channe ls 
in whi ch cas e s  the s treamline s are s traight but'not parelle l , 
and ( c )  flow about a cylindri cal  obs tac le  in which c a s e  the 
s t re amline s a re nei the r  s traight nor paralle l .  The re sult s 
we re analyzed  in the light of the previous analys i s  and some 
sugges tions by Ro s enberg ( 27 )  whi ch enable  one to avo id the 
que s t ionable  as sumptions  made by former inves tigators . 
The doub ly re fract ing liquid use d  in the pre s ent 
s tudy was an aqueous s o lut ion of a commerc ial ly avai lab le 
o rganic  dye , mi lling ye llow .  Stable , s at i s fac tory wo rking 
s o lutions of t hi s  dye can b e  prepare d  wi th v i s c o s i t i e s  no t 
over twenty t imes that of wate r .  They exhibit marke d flow 
double refract ion in concentrat i ons a s  low as 1 . 2  per  c ent 
dye by we ight . The ir use  in flow s tudies  was firs t reported 
by Peeble s , Garbe r ,  and Jury ( 23} . 
4 
In o rder to info rm tho se who are not familiar with 
flow double refraction phenomena , a qua litative des c ription 
will be  pres ent ed  in the following chapter  tog ether with a 
brief summary o f  t he work of pas t inves tigato rs. In the s ame 
chap t er , the method of analyzing flow s ituations from the 
double refraction measurements will  b e  deve lope d .  This will  
be  followed by de s c riptions of  t he experimental  e quipment 
and procedure s , and finally the re sult s o f  the f low analyses  
thems elves  wil l  b e  presented . Mathematic al  derivations , 
sample c al cula tions , experimental  data , and notat ion will  be 
found in the appendix . 
CHAPTER I I  
FLOW ANALYSIS FROM DOUBLE REFRACTION MEASUREMENTS 
Gene ral Cons i de rat ions 
The Obs erved Phenomena 
Flow double re fract ion in liqui ds i s  analogous to the 
photoela s t i c  behav ior exhibited by many solids . In e i ther 
c as e ,  a ma rked alt e rat ion in optical p rope rt i e s  is obs erved 
when the substance  is  sub j e cted  to shearing s tres s e s . In 
l i quids , the s e  s t re s s e s are the re sult of  vis cous force s  
ari s ing from motion . Such li quids are iso t ropic  wi th re spect  
t o  the  pas s ag e  of  l ight when at  re s t , but become ani s o t ropic  
when s et in mot ion. A beam of plan e  polar i z ed l ight ente ring 
such a moving liquid i s  b roken up into two rays vibrat ing at 
right angles  to one anothe r and trave ling at different ve lo c ­
it ies . The di fferenc e in ve locities  between thes e r ays i s  
re lated to the maximum shear ing s tres s  s et up by the liquid 
mo tion , and hence  the total ret ardat ion of the s low ray be­
hind the f as t  i s  d ependent on  the length of  the l ight path in  
the l iquid and the ave rage maximum shear s tre s s  a long the 
l ight path . I f ,  now , the light leaving the l iquid i s  pas s ed 
through an analyz e r  ( a  pi ece  of  po lari z ing mat erial whos e  
axis o f  po lari z at ion i s  s et at right angles  t o  that of  the 
l ight ent e ring the l i quid ) only the resultant c omponent of 
. . 
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the two rays in the plane of  po lari zat ion of the analyzer can 
pas s t hrough. Hence  regions o f  light interference and re­
inforcement re sult which appear as a pattern o f  light and 
dark bands . The dark bands are known as i so chromatics , and 
fo r a g iven liquid depth ,  they c o rrespond to c onstant value s 
o f  the maximum she aring s t re s s .  The s e  appear whe ther the in­
c ident light i s  plane or c i rcularly po la ri z e d .  They a re black 
when a mono chromat i c  s ou rc e  i s  employed ,  but t ake on the c o l­
ors of the s pectrum in white  light . 
Also , when the maximum s hea ring s tre s s  make s a certain 
angle with the axis  of po lari zation of the inc i dent light , 
othe r dark regions oc cur known as i s o clini cs .  The s e  i s o c lin­
ics app ear only when plane po la rized  light is employed , and 
are black whether the l ight s ourc e  is monochromat i c  or whi te . 
Typical  light interferenc e patterns fo r flow in vari ­
ous geometri e s  are shown in Figure 1 .  The f low i s  laminar in 
all  c a s e s , and the light s ourc e  is monochromat i c  ( s odium 
vapor ) . 
The quantitative re lat ionships whi ch govern the ap­
pearance  of  the i so chromat i c s  and i s o c linic s  have b e en t reated 
on a mac ros copic  bas i s  by a number  of  autho rs ( 13 ) ( 14 ) ( 25 )  
( 27 ) . The mi c ro s copic  explanation of the phenomena i s  s t i ll 
a mat t e r  o f  g reat unc ertainty . A numbe r of  theore t ical  de ­
ve lopment s bas ed  on various mi cros copi c mode ls have been made ,  
and revi ews of  the s e  a re pres ented by Eds all ( 10 ) , C erf and 
a .  Flow about a cyl­
indrical obs tacle  at an 
int ermediate flow rate; 
c ir cularly po lari zed  light 
c .  Flow in a diverging 
channel at a high flow 
rat e; c ircularly polarized 
light 
e .  Flow in a c onverg ­
ing channe l at a hig h flow 
rat e; plane polar i z ed 
light 
b .  Flow about a cyl­
indrical obs tacle  at a low 
flow rate; plane po lar­
ized  light 
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d .  Flow in a diverg ing 
channe l  at a low flow rate ; 
c ircula rly po lari zed  light 
f .  Flow in a converg ­
ing channel at a low flow 
rat e; plane polar i z ed 
light 
Figure 1 .  Typical  light int e rfe rence patt erns pro­
duc ed by flow double refract ion in aqueous mi ll ing yellow 
s o lut ions 
Sche raga (8), Prado s an d Pe ebles { 25 ) ,  and othe rs . In gen­
e ra l  the s e  theories wil l  explain the behavio r of c ert ain 
sys t ems but fail with o thers , and none as yet  has been de­
vis e d  which wil l  predic t the behavio r of all  doubly re fract­
ing liquids . 
The Technique of Analysis 
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The complete  analysis of a flow situation should pro ­
vide two pie c e s  of information :  ( a ) the s treamline direc tions 
and ( b ) the v e lo city dis t ribution . The int e rferenc e  patterns 
produc ed by flow double re fraction do not yield  this informa­
tion dire c t ly ,  but ins tead give the magnitude and dire c tion 
o f  the maximum s hearing s t re s s  at each point in the flowing 
liquid . In order t o  obtain the st reamline s and v e lo city dis ­
t ribution , the refore , it is nece s s ary to  det ermine how the 
direction of t he maximum she aring s tres s  is re late d  t o  the 
dire ction o f  the s t reamlines and how the maximum s he aring 
s t re s s  it s e lf  is re late d  to  the ve locity g radient normal to  
the s t re amline s .  The s e  re lationships a re deve loped in the 
latter  half o f  t he pre s ent chapter . 
From suitabl e  optical calibration of a given liquid , 
one may obtain the value of the maximum s hearing s tres s  cor­
responding to a given is ochromatic , and t he angle  b e tween the 
maximum s hearing s t re s s  and the axis of  polariz ation of  the 
incident light along an is oc linic o ( This ang le is , in general, 
a function of  the s he aring s t res s  it s e lf . ) Thi s  ca lib ration 
i s  usually c a rried  out in a c on centric cyl inder  pola ri s cope 
as desc ribed  by Prados and Peebles  ( 24 ) . 
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In actual pra c ti c e , it  i s  more conve ni ent to  re late 
opt ical  propert i es to the maximum rate of de formation, E, which 
is defined as  the rat io of the maximum s he aring s t re s s ,  r 
at a point in the fluid to the fluid v i s c o s ity ,  JL • Thi s 
p e rmits  s tudi e s  to  b e  made wi thout complet e knowle dge o f  the 
vis cous behavio r of the doubly re frac t ing liquid . I t  is an 
unfortunat e fact that mos t doubly re fr ac t ing liquids exhibit 
non-Newt onian vis c o s i t ie s . 
When the calibrat ed liquid i s  c aus ed to  flow through a 
transpare nt channe l of given geome t ry and vi ewed in p lane 
polari zed  light , both i s ochromat i c s  �nd i s o c l ini c s  are v i s i ­
ble . By ins e rt ing two suit ably o riented  qua rt er-wave plates  
in  the l ight syst em, the light inc ident on the channe l c an be 
c i rcularly polari z ed , and only the i s o chromat i c s  wi ll  be v i s ­
ible . Pho tographs of  a g iven flow s i tuation , wi th and wi th­
out the qua rt e r-wave plates  in po s it ion , c an be us ed to de­
termine which o f  the da rk bands a re i s oc lini c s  and whi ch are 
i s ochromati c s . The order of  the i s o chromati c s  may be  de t e r­
mined  from geome t ri c  cons ideration s , and t he i r  pos i t i on ac cu­
rat e ly measure d  with re spect  to the channel  boundari e s . 
The order of  the i s ochromat i c s  and t he opt ical  calibra­
tion may then be combined to spe c i fy the magnitude of the 
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maximum rate  o f  de format ion throughout the field of flow. 
The i soc lini c s , obtained at vari ous ori entati ons o f  the axis 
o f  light pola rizat ion , may be us ed to d e t e rmine the d i rection 
of the maximum rate of deformat ion throughout the fi e ld . 
The s e  data c an then be t reated by the ma themat ical  t echni que s 
o f  the pre s ent chapter in order to obtain the de s i red  stream­
l ine d i rections and velocity di s tribut ion . 
Previous Inve s t igations  
A large amount of literature on  flow double re fra c t ion 
i s  in exi s t enc e , and ext ens ive reviews may be f ound in ref­
erence s  ( 8 ) , ( 10 ) ,  and ( 24 ) . Attent ion wi ll  be  c onfined he re 
t o  t ho s e  inv e s t igators who applied flow double re fraction to 
the analys is  of fluid mot i on . 
The e arli e s t  of  the s e  inve s t igators appears to have  
been Humphry ( 20 )  in 1923 . Us ing a vanadium pentoxide s o l  
he was able  to  demons t rate  quali tat ively the di fferenc e be­
twe en laminar and turbulent flow . Al cock and Sad ron ( 1 )  in 
1936 at tempt ed  quant itative measureme nts o f  the veloc ity pro­
files  o f  s e s ame oil  flowing betwe en parallel  plat e s , and ob­
tained reas onable ag re ement wi th the o ry .  They were limited 
by the ext reme ly high v i s c o s ity and low opt�cal  s ens i t ivity 
o f  the ir  l i qui d .  
By far t he mo s t  extens iv e o f  the earli e r  invest igations 
we re thos e report ed by Haus e r  and Dewey ( 9 ) { 15 ) ( 16 )  between 
ll 
1940 and 1942 . Using bentonite  sols they made quantitative 
and qualitat ive s tudies of velocity profiles in two dimen­
s i onal laminar flow . However , in the analys is of their re­
sult s , two questionable  as sumptions we re made : ( a )  that the 
direction of the s treamlines c ou ld be obt ained dire c t ly from 
the i soc linic s and ( b )  that the is ochromatic s we re an indica­
tion of the velocity gradient normal to the s t re aml ine s rather 
than the t o tal  rate of de formation in the liquid . Some cal­
culations pres ente d by Ro s enberg ( 27 )  and some expe riment al 
obs e rvations made during the pre s ent inv e s tigat ion s t rongly 
indicat e that thes e  as sumptions are invali d .  
We ller e t  al . ( 34 ) ( 35 )  in 1943 carried out s ome s tudi es  
simi lar to  thos e of  Haus e r  and Dewey us ing a so lution of  e thyl 
cellulo s e  in a c ommercial so lvent "Me thyl Ce l lo s olve " ins t ead 
of bentonite . Ullyott ( 3 2 )  in 1947 de s cribed work similar to  
that o f  Haus er and Dewey and of We lle r , but made no attempt  
to int e rp ret  his re sult s quant itative ly . 
In 1945 Leaf ( 21 )  re ported an int ere s ting qualitat ive 
application of flow doub l e  re fraction . By obs e rving the flow 
of doubly re frac t ing bentoni te s o ls  through a t ranspare nt 
model  o f  a lo c omotive fire box , he was able  to predict the 
flow behavio r of  the hot g as es in the prototype and t o  re com­
mend pro cedures  for e liminating e ros ion of boiler tubes  by 
ash sus pended in the s e  gas e s . In 1945 and 1947 Binnie ( 6 ) { 7 )  
repo rted  the us e of a doubly refrac ting benzopurpurin s o l  to 
J.2 
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determine the point of  ons et o f  turbulenc e in a long c i rcula r 
tube . Bali nt ( 5 )  in 1953 pre s ented a rev iew o f  metho ds of  
vi sual flow analys i s  inc luding flow double  re frac t i on .  
A care ful s tudy o f  fluid flow ana lys i s  by the double 
re fract ion t echnique was pres ent ed by Ro s enberg ( 27 )  in 1952 . 
He showed that t he dire ction of maximum rat e  of deformati on 
in fluids and the d i re ct ion o f  the s treamline s are no t co-
inc i dent exc ept fo r the c as e  of parall e l  s t reamline s ,  and 
sugge s t ed a metho d for analyz ing a gene ral two-dimens ional 
flow s i tuation in whi ch the s treamline s  are not paralle l .  No 
experimental measurement s we re rep orted by Ro s enberg , nor did 
he c arry out any actual flow analys es ; but some of his sug -
g e s t i ons have been ext ended and incorporated into the pres ent 
work . 
A rec ent invest igat ion of int e re s t  was report ed  by 
Wayland ( 33 )  in 1955 . Us ing both colloidal bentonit e  so ls  
and pure ethyl c innamate  he  studied the f low in the annular 
spac e be tween a fixed and a rotating cylinde r .  Careful in-
vestig ations we re c a rri ed out to yield laminar veloc i ty dis­
t ributi ons ac ro s s  the annular gap both fo r cas e s  in  whi ch the 
inne r cylinder rot ated and in which the out e r  cy linde r ro -
t at ed. Measurement s we re al so made in the t rans i t i on reg ion 
where the f low c hanges  from laminar to  turbulent inc luding a 
reg ime of  s t able vortex formation predi cted by Taylor ( 30 ) . 
Defini t e  breaks in the curves of  amount of  doub le refract ion 
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versus rat e of shear were found at th es e t rans ition point s . 
Mathemat i cal Re lat ionships  
As was point ed out earlier  in thi s chapt er , the sue -
c e s s ful determinat i on of  streamline dire c t ions and v e locity 
dis tribut i ons from doub le refraction measureme nt s will re-
quire two re lati onships : ( a ) that betwe en the maximum rat e 
of  de forma t i on and the v eloc ity g radient normal to the s tream-
lines of flow and ( b ) that between the dire ction of th e maxi -
mum rate of deformation and t he di rection of the s treamlines . 
The s e  r e lationships are deve loped in the fo llowing pages  for 
the general case  of  two-dimens iona l  l aminar flow .  The re sult s 
ar e then appl ied  to the calculat ion of the v e loc ity pro files  
for var ious s implified s ituat ions involving known s treamline 
direct ions or parallel  streamline s .  Finally a method is 
s hown whereby one may ca lculate the Stoke s s tream funct ion 
throughout the field fo r general two-dimens ional laminar flow . 
Such s pe ci fi c at ion of the s tream func tion is e quivalent to 
spec ifi cat ion of v el oc i ty profiles  and streamline d irections , 
although additional computat i ons are needed for t he c al cula-
t ion of po int veloci t i e s . 
The Re lat ionship between the Maximum Rate 
of De formati o n  and the Ve locity Gradient 
Cons id e r  a generalized two-dimens i onal laminar fl ow 
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s i tuat ion s pe c i fied  in terms o f  two coo rdinat e sys tems: 
( 1 )  Re ctangular Cartesian ( x , y )  
Whe re x = ho ri zontal  coo rdinate  
y = vert i c al coordinate 
( 2 )  Streamline coordinate s  ( s , n )  
Where s = dis tance  along a s t re amline 
n = dis tanoe along a curve normal to 
a s et of  s t re amline s 
Other related quant i t ie s  are : 
8 = ang le  made by the di re ction of the maximum rate  o f  
deformat ion wi th the po s i t ive x axis  
= angle  made by a s t reamline with the pos itive  x axis  
u = c omponent o f  fluid velo c i ty in the X dire ction , dx err 
v = component o f  f;Luid veloc ity in the y d i re ct ion , � 
= fluid veloc ity a long a s t re amline , ds  'Q't" v 
r = radius of  curvature of  a s treamline 
r 1  - radius of  curvature of a curve no rmal to a s et o f  
s t reamlines  
The various coordinat e re lat ionships are illus t ra t e d  in 
Figure 2 ,  page 15 . Not e  tha t  bo th the s t re amline  and the 
normal shown are cons ide red to  have pos it ive  curvature in the 
pre s ent wo rk . 
A combinat ion o f-the theo ries  o f  e lasti c i ty and vis cous 
flow yie ld the fo l lowing exp res s ion for the sh e a ring s t re s s  
Direction of maximum shearing s t re s s  
and maximum rat e o f  defo rmat ion 




Figure 2 .  Re lat ionships between c o o rdinate s  and 
v e lo c ity c omponents in rectangular carte s i an and s tre am 
coordinate sys t ems 
act ing on  a plane inc lined at an angle  e to the pos itive X 
axis in a v i s c ou s  fluid in two-dimensi onal laminar mot ion 
( s e e  Appendix A ) : 
15 
'e = -ji.( t - g;, sin � + fL( �� + s�, cos  2e ( 1 )  
where 
r{. - shearing s t re s s  acting on a p lane inc lin ed to the 
ho ri zont al  wi th angle e 
fL = fluid vis c o s ity 
Further , from t he general two -dimensi onal definit ion of  vi s -
cos i ty 
( 2 )  
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Where 
E( = the rate of deformation in the fluid along the plane 
of action of Tt . 
It  should be not ed here that equations (l ) and (2 ) and subse-
quent e quations involving the viscosity require the use of 
consistent units. To use mixed units one should replace the 
viscosity by the ratio -#L- where is the force-mass con-ge gc 
version factor for the units to be employed . 
One may now t ransform the .equations (l ) and (2 ) into 
stream c·oordina tes with the following result (see Appendix B 
for details ) :  
E� = - [( 0V -vQcp ) cos 2c/:> - (<�V + vacp) sin 2¢l sin 2t 
� as an an as ] 
+[(av + vacfl, cos 2� + ,av- �4>) sin 2� ] cos 0� (3) an as � a s on � � 
By collecting terms and applying trigonometric identities one 
obtains 
(4 )  
E€ = (�� + v!t) cos (2cp - 2£ ) t (�� - 1� sin (2c/> - � ) 




cp = angle made by streamline with the positive x axis 
r = radius of c urvature of the  s treamlin e 
r '  = radius of curvature of the normal curve to the 
s t reamlines 
In s tream coordinat es , the rate of pure shear is given by 





G = rate of pure sh ear stra in in the moving fluid 
Also the law of c ont inui ty may b e  written as 
av + v = 0 as rr 
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( 6 )  
( 7 )  
so that by analogy wi th ( 6 )  one may define the rate of di la-
t ion of the flow ( a  me asure of t he degre e  of convergen c e  or 
divergenc e of the s tream lines ) as follows : 
D = av v rs- rr 
Where 
D = rate of 
Note  that from 
D = 2V 
r ' 
dilat ion 
( 7 )  
From subs tituti on of the r e·sults of e quati ons ( 5) through 
( 8 )  into e quation ( 4 )  one ob tains 
Et = G cos  (2c/>- 2{; ) t D s in (2c/>- 2{; ) 
( 8 )  
( Sa )  
( 9 )  
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In order to find the orientation of the maximum shear stress 
( and rate of deformation ) ,  one differentiates equation ( 9 )  
with respect to � and s ets the derivative equal to z ero. 
Two possible values of � will result, w radians apart. Ob­
vicus ly thes e  specify the same plane, the only difference 
arising in the direction of positive action of stress, one 
corre sponding to a maximum va lue and the other to a negative 
maximum (or minimum) value . This differentiation is p er-
formed, 
� = 2G sin {2¢ - 2� ) - 2D cos ( 2¢ - 2e) {10 )  
Equation (10 )  is equated to z ero and rearranged. I f  one now 
notes that � = 8, he arrives at 
tan ( 2¢ - 28 ) = � 
G 
When this result is substituted into ( 9 )  
E 
( 11 )  
(12 ) 
and G and D are substituted from ( 6 )  and (Sa ) the final result, 
E ( 12a ) 
is obtaine d. 
Equation (12a ) provides the d e sired re lationship betwe�n 
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the maximum rate of deformati on and the v el o c i ty g radient nor-
mal to  the s t reamlines . One is  usua lly in teres ted in calcu­
lat ing oV from values of E obtained by flow doub le refraction On 
meas urement s .  Hence equation ( 12a ) is rearranged t o  obtain 
ov On = 
v ( 13 )  -
r 
wi th the s ign determined from the di rect i on o f  t ravel along 
the normal ·ac c o rding as V is inc reas ing o r  decrea s ing . 
Use of  equation ( 13 )  to ana lyze general  two- dimens ional 
flow s ituat i on s  is compli c ated by the neces s i ty of knowing 
the rad i i  of  curvature of  b oth s treamline and normal curves 
throughout the field . In other words one needs the s t ream-
l ine pattern firs t  before he c an use equation ( 13 )  for the 
calcula t ion o f  veloc ity profiles . Hence, it  wi ll  b e  in order 
here to develop t he relat ionship be.tween the d i rect i on of  
maximum rate o f  deformat i on and the direc t i on of the s tream-
lines . 
The Relati onship between the Direc tion of Maximum 
Rate of Defo rmation and the Streamline Direc tion  
The des i red relat ionship c an be  obta ined almos t direct ­
ly from equat ion ( 11) by taking the arct angent of  bot h s ides : 
2� - 28 • arc tan � ( 14 )  
Solving for 8 and subs t i tuting for D and G 
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8 = </> - ! arc tan [ ( 15) 
where 
8 = angle  made by the di rection  of maximum rate  of 
deforma t ion with the horizontal 
¢ = ang le made by s treamline wi th the ho ri zontal 
Equat ion s ( 14 )  an d ( 15) show that the s t re aml ine di re ctions 
coinc i de with the di re ct i on of maximum rate of deformat ion 
only for case s  whe re the rate of d i lat ion i s  z ero , i . e . , the 
normal curve s to the s tre amline s a re s traight line s , indi cat-
ing that the s t re amline s are  pa rallel  and no convergence or 
divergenc e of flow i s  o c curring . If one take s only princ ipal 
value s for the arc tangent it is s e en that the maximum differ-
enc e in the s e  d i re c t ions whi ch c an o c cur is � radians and 
4 
wi ll  be  manifes ted  in s i tuations where the rate of pure shear 
i s  z ero , but the rate of di lat ion i s  not+ Such a s i tuation 
would' be  found along the c enter  line of a symmetrical  con-
vergent or  diverg ent channelo 
Equat ion ( 15 )  indi cates  that if the i s oc lini c po s i -
tions  are det e rmined by the maximum rate of deformati on ,  as  
results  of the pre s ent study sugge s t , they will b e  of l i ttle  
use  in  det e rmining the s t re amline patt e rns in  c a s e s  where con-
vergence or di vergence of t he f low o c curso Henc e equation 
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( 13 )  c an be us ed only to determine t he v eloc i ty dis tribution 
for c a s e s  where : ( a )  the s t reamline pat t ern i s  known from 
the channel  c onfigurat ion , ( b )  it is known that no diverg ence 
or convergenc e of flow oc curs and the s treamline pat terns c an 
be deve loped from the i s oc lini c s , or ( c )  the s t reamline pat-
terns c an be obt ained from s ome source  other than double re-
frac tion measureme nt s . The us e of  equation ( 13 ) in  s ome 
s pe c ifi c s ituat i ons i s  i llus trated below . 
Calculation of  Ve loc ity Di s tributions 
for Spec ifi ed cas e s  
Case  I, paral lel  s traight st re amline s .  For laminar 
flow betwe en flat plate s , the s treamlines are s traight and 
paralle l .  This s i tuation is approximated  experimentally by 
flow in a s traight rectangular channe l of high aspe c t  ratio  
( ratio of width t o  depth) . In thi s c a s e  t he t e rms V and V 
r r' 
vanis h ,  and the streamline s are det ermined by t he c hanne l  
walls . E quat ion (13) reduces  to 
dV 
dn +
E ( 16 ) 
From i s ochromatic  patt erns , E may be  s pe c ified  throughout the 
fi e ld of flow .  E quat ion ( 16 )  can then be int egrat ed numeri-
c ally or g raphi ca lly along a stream no rmal to  obtain t he 
velocity dis tribut ion . Nece s sary boundary conditions are 
provi de d  by the fact that  V = 0 at the channe l  wall s . 
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Cas e  I I, parallel  curved s treamline s .  For the c as e  of 
paral lel  but curved s t re amline s , one s e e s  tha t y_ - 0 and 
r ' 
8 = ¢. Henc e the i s o c linic patt erns may b e  us ed t o  obtain 
the s t re amlines  throughout the flow fie ld .  A g raphi c a l  or 
numerical  me thod wi ll  be needed to dete rmine t he ir radius of 
curvature at each point . Equat ion ( 13 )  be comes 
av 
an = { 17 ) 
Having calculated  r from the i s oclin i c s  and det e rmined E from 
the i so chromat i c s  for each po int in the fi e ld , one may int e -
grat e e quat ion (17 ) numeri c ally to  obtain the veloc ity d i s -
tribut ion . Integrat ion i s  pe rformed al ong a st re amline nor-
mal ,  sub j e c t  to the boundary condi t ions of zero ve loc ity at 
the walls . 
Case  I I I, non-parallel  s traight s treamlines . Flow be-
twe en two non-parallel  wa lls  provi des a si tuation in whi ch 
the s tre amline s are s traight but no t p aralle l,and the dilat ion 
component of the flow doe s no t vanish .  A g o od approximat ion 
to this c as e  in p ra c t i c e  is found in a s ymmetrical  conve rgent 
( dive rgent ) s e c t ion j oining two re c tangular channels  of t he 
s ame width but different depths . One c on s i ders  that the 
s tre�mline s a re radial line s emanat ing from the line at whi ch 
the· non-paralle  1 walls · would converge , if extended , a s  shown 
in Figure 3. 




Figure 3.  Stream c oordinate s 
in str aight converging or diverg ing 
flow 
In the pres ent cas e , equati on ( 13 )  become s : 
dV 
= Tn 
+ �2 4 y2 v�: - ;;-2 
tre amline s 
Norma l  curve 
which mus t  be integ rated nume ri cally along a normal curve 
( here  the arc of a ci rc le  who s e  c enter is the point of con-
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( 18) 
vergence  of the walls ) . E i s  obtained from the i s o chromatics;  
and r '  from the channe l  confi guration . The usual boundary 
c onditions of z ero velo c ity at the walls  are use d ,  and a 
check i s  provided in the f act that av s hould vanish  at the 
on 
c enter of the channe l  for a symmetrical  s ituation . 
cas e IV, general two-dimens ional flow with known 
streamlines .  S ituations may aris e in whic h  the stre aml ines  
are  ne ither stra ight nor paralle l ,  but are known throughout 
the f low field from some s ource other than double refraction 
measurements . One can obtain r and r '  by a graphi cal  or  nu-
merical  method for e ach point in the f ie ld ,  and the n  apply 
e quat ion ( 13 )  d ire c t ly. 
av On = 
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( 13 ) 
Numeri cal  integrat ion i s  performed a long a s t re amline normal , 
subj ect  to  the zero velocity condi tions at the wal ls . 
A Method for Analyz ing a Generalized  Two­
Dimens iona l  Laminar Flow Situat ion 
In a c c o rdanc e with a sugg e s t ion of  Ros enberg ( 27 )  a 
me tho d  is  p re s ent ed for the ana lys is  of two- dimens ional lam-
inar flow for a c as e  in whi ch the stre amlines  are unknown and 
are neither s traight no r paralle l . The a naly s i s  require s the 
introduc t ion of  the Stokes s t re am function , \jt, whi ch will be 
de fined by the following rela t ionships : 
u = ¥i 
v = lt ax ( 19 )  
where 
\jl = the Stokes s tream funct i on 
u = flui d velo c ity component in the X dire ction 
v = .fluid veloc ity component in the y direc tion 
The defini t i on of vi s c o s i ty in two dimens i ons  may be expres s ed 
in the form ( 29 ) : 
2 5  
= { 20 )  
whe re 
= shearing s t re s s  act ing in the pos i tive x di-
rec t ion on a s urface  fac ing the po s i t ive  y 
dire c t ion 
When the st re am funct ion is  intro duc ed  int o e quat ion ( 20 )  one 
finds that 
= 
From the theory of  e la s t i c ity ( 13) i t  may be s hown that 
where 
r = Txy c os. 28 
r = maximum shea ring stre s s  in the liqu i d  
e = ang le  made by maximum shear stre s s  wi th the 
pos i t iv e  x axi s  
{ 2 1) 
{ 22 )  
I f e quat ions ( 21) and ( 22 ) are combined , t og e ther  with the 
or iginal de finit ion of viscos ity , equation ( 2 ), the fo llow­
ing is obta ined :  
E c os 2 8  ( 23) 
An important pro perty of  the s tream func tion , \j! , 
should be note d a t  this  po int ; the differenc e in � values 
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between two points in the field of fl ow is nume rical ly equal 
to  the vo lumetri c flow ra te acro s s  a curve connect ing the 
po int s . Two di rect  cons e quences  of thi s pro per ty a re t hat: 
( a )  curves o f  c on s t ant st re am funct ion values are the s tream­
lines thems elves and ( b )  the s tream func t ion is cons tant amng 
any s o lid  boundary . Furthermore, for the c as e  of unidire c ­
t ional flow, the value o f  \j; may be obt ained acro s s  a flow 
channel by direct integrati on of the appro priate  equation 
( 19) • 
Hence if  one cons iders a s itua t ion i n  whi ch the flow 
s t art s out a s  unidirecti ona l in a st raight channel, he may 
ass ign an arbi trary value to \j; along one of the channel 
boundaries and c al culate  the di stribut ion o f  \Jf acro s s  to 
the other boundary by int egration of (19 ) .  Now having the 
value of l.jf along both channe l boundaries,  and acro s s  the 
channel  at s ome dis tance ups t ream from t he region of interes t ,  
one i s  in po s s e s s ion o f  the ne c e s s a ry boundary c ondit i on s  t o  
begin a numeri cal  s o lut io n of the s e cond order part ial dif­
ferent ial equation ( 23 ) . The values of  E and 8 may be ob­
tai ned throughout the field of  flow from the i s ochromatic  and 
i s o c l ini c patterns res pe ctively . 
Numer i cal s o lut ion of equat ion ( 23 ) requi res that it  
first  be placed  in  finite di fferenc e form. If one a s sume s 
that the flow field i s  divided up into a s quare grid of  equal 
s pac ing , h, in both x and y di re ctions , the following 
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differen c e  equation r esu� s .  Detai ls may be found in many 
text s on applied mathemati c s ,  such as  Hildebrand (17 ) . 
\f,r(x + h , y )  + \j; ( x-h , y )  - \j; ( x ,y +h)  - '-/J ( x , y  - h )  
= h2 E c o s  28 ( 24 )  
One may s tart from the known values  o f  � along the bound­
ari es,  and emp loy a simple iterat ion procedur e to  obta in � 
at each corner of the grid  of spacing h.  Graphical inter­
polation may be  appli ed to det e rmine curves o f  c ons tant � 
( s tre amline s ) and numerical  differentiation will yield the 
velo c i ty component s if des i re d .  This pr ocedure wi ll  b e  
demons t rated in Chapter v. 
CHAPTER III  
EXPERIMENTAL EQUIPMENT 
The obs ervation of the flow doub le  re fra ction inter­
ference patterns requires a re latively simple expe rimental  
a rrangement . The doubly re fracting liquid mus t  be c aused  to  
flow through a t rans parent channe l, and the channe l it s e lf 
mus t  be placed between two suitably orient ed  polarizing 
plate s . A light s ourc e is placed out side one of  the polar­
izing plate s ,  and the .obs e rver looks from the opposite side 
through one plate , the channe l, and the o th e r  plate in 
s erie s . 
The pro duc tion o f  flow patt erns which can be analyzed 
quantitative ly pres ents s omewhat mo re difficult y .  Early at­
t empt s  t o  ana lyze the flow through channe ls  of  s qua re c ro s s  
s e ction were who l ly unsuc ces s ful . Comple t e ly anomalous flow 
pat t e rns were obs e rved, and independent checks dis ag reed 
with the double re fraction measurements by as much as 100 
per  c ent . However, the flow th rough a channe l o f  rectangular 
c ro s s  s e c tion whos e  aspect  ratio ( ratio of width to depth) 
was 3 : 1  was t reated with better  result s .  Obs e rvations in 
this case  we re made with the light path parallel  t o  the long 
dimension of the channe l .  The s e  inves tigations a re r eported  
in detail by Farrow ( 12 ) . 
I t  was conc luded  that t he poo r re s ult s in the square 
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c hann e l  were due to: ( a) larg e veloc ity g radients ( and henc e 
shearing s t re s s es)  along the line of s ight and ( b) large 
vari at ions in ve loc ity gradient perpendicular to the l ine of 
s ight . Hence the flow was not t ruly two - dimensiona l .  At­
tempt s we re then mad e to analyze  the doub le refract ion in­
te rferenc e effects  for a thre e-dimens ional s ys t em ,  but the s e  
were unsuc c e s s ful . I t  was finally de cided  that two-dimen­
s io nal  flow would have to be pro duc ed  expe rimentally , by us e 
o f  a channe l o f  high aspect  ratio . 
I t i s  shown by Purday ( 26) that when laminar flow o c ­
curs i n  a re ctangular channe l o f  high a s pe ct rat i o , the v e ­
loc ity along the long dimens ion i s  almo s t  cons t ant over the 
ma j ority o f  t he dis t anc e , falling o ff to z ero only near the 
walls . For a channel  aspect  rat io 5 : 1 , the velo c ity dis tri­
but ion i s  uni form within 10  per  c ent over  72  per c ent of  the 
long dimens ion , and for a channe l  aspe c t  ratio  10 : 1  the ve­
lo city di s tribution i s  uniform wi thin 10 per  c ent over  85 per 
c ent of the long dimens ion . Hence  a re c t angular channe l  con­
s t ructed  with thes e  aspe ct rat ios  ( or higher ones)  will pro­
vide an a lmost  two - dimens ional flow s ituat ion ac ro s s  the 
short dimens ion when they are viewed parallel  to  the long 
dimension .  Such channels we re us ed  in the p re s ent inve s t i ­
gat ion . 
The appa ratus us ed  for fluid mot ion analys i s  by flow 
double  refraction  c on s i s t e d  o f  three maj or s ub- sys t ems : 
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( a ) the opti cal sys t em , ( b )  the flow te s t  channe l,and ( c )  the 
fluid c i rculation sys tem o  The s e  wi l l  b e  di s cus s ed in the 
order named , fo llowed by a brief de s c ription of the e quipment 
us ed  for opt i c al and vis cous cal ibrat ion of the doub ly re­
frac t ing t e s t  liquid o  Referenc e will  also be made to the 
important pie c e s  of auxiliary e quipment o 
The Opt ical  Sys t em 
The optical  sys tem us ed  in the f low double  refract ion 
s tudies  was of the type us ed in po lari s copes  for s o lid photo­
e lastic  ana lys e s . I t  con s i s ted of a light sourc e , two colli­
mat ing lens es , two polari zing plates , two  quart er-wave plate s, 
and a two - s e c t ion optical bench.  The s e  component s were pur­
chas ed  from the Polari z ing Ins trument Company , Irving ton-on­
Huds on , New York . An Exakta 35 millime ter  c ame ra manufactured 
by the Ihag e e  Came ra Works of Dre s den , Ge rmany , was us ed to  
record  the vis ible flow patterns o 
The light s ourc e and one c o llimat ing lens were mounted 
in a s ingle hous ing o Two s eparate lamps were prov ided , an 85 
wat t  s odium vapor lamp for the produc t i on of mono chromat i c  
light , and a 500 wat t p ro j ection ·lamp for the pro duc tion of 
whi t e  l ight . The lamps we re mounted at oppo sit e ends of a 
platform which c ould be ro tated to  place  e ithe r lamp at the 
fo cal point of the lens in order t o  p rovide parallel  rays of 
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l ight . A two- inch c ircular aperture between the lamps and 
the l ens aided in the pro duc tion of parallel  rays by c aus ing 
the lamps to approximat e po int s ou rc e s  o f  light mo re c lo s e ly .  
The lens e s , polarizing plate s , and qua rt er-wave plates  
were c ircular and about t en inches in  diame t er . Each po lariz­
ing plat e  c ould be rot ated on ball bearing ro llers , and had 
a s cale  l aid  o ff in deg re e s  along it s  out er c ircumference  so  
tha t it s  axi s  o f  po larizat ion could b e  vari e d  by known amount s .  
One polarizing pla t e  and one quarter-wave plate we re mounted 
in a s ingle ho lder . The ·· quarter-wave plate s  we re mounted  on 
s li ding t ra c ks in the ho lde r  so that they c ould be moved in 
and out of the light path at will . 
Two tables  were provided for s upporting the opti cal 
component s .  A s e ct ion o f  the optical  bench was placed on 
each table , one c arrying the lamp-lens hous ing , the other 
carrying the s eparate lens . Each table  had a polarizing and 
quarter-wave plate ho lder ass embly bolted to one end . Thes e  
tables  were set  on oppo s ite  s ides  o f  and perpendi cular t o  a 
third table whi ch supported the flow t e s t  channel . The over­
all arrang ement is shown in the photog raphs of  Figur e 4 .  The 
arrangement of optical c omponent s i s  s hown s chemat i cally in 
Figure 5 .  
The c amera was mounted on the table  ho lding t he indi­
vidual lens . The mount cons is ted o f  a he avy metal  bas e , fit ­
t e d  with a vertical  rod· and an adjus table  c lamp , whi ch held 
a .  Flow test  channel ,  ca lming box and 
opt ical  components 
• • • • 
• • • • .. . . . 
• • • • • • • • . . � . - . � '•' 
b .  Pump and cons tant temperature bath 
Figure 4 .  Photographs of t he flow fac i lity 
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Figure  5 .  Schematic  repre s ent at ion o f  the opt ical  syst em (.oil 
u 
an adapter  s c rewed into the camera ' s  tripod fitt ing . The 
c amera was of  the s ingle -lens re flex type , and was equipped 
with a 10  c ent ime t er foc al leng th f/2 . 8  t e lephoto lens . 
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Kodak Tri-X , Plus X , and Micro-Fi le  fi lms we re us ed  in photo­
graphing the f low patte rns . Plus -X film developed with fine ­
grain Kodak Mi c rodo l deve loper appeared to g ive the best  c om­
binat ion of  high film s peed  along with low fi lm grainine s s  
and good c ontras t .  
The Flow Tes t  Channel  
Photograph s  of the flow t es t channel  are s hown in  
Figure 6 .  The channel w as made of 3/8 inch thick P lexiglas 
and provided a re ctangular cros s - s e c t ion for flow . The a s­
pect  rat i o  ( rat io of  �idth to  depth)  was kept high in  order 
to more c lo s e ly approximate a two-dimens i onal flow s i tuat ion . 
Flow pat t e rns were ob s erved through the wide dimens i on of the 
channel a s  indic ated in Figure 4 .  
The channel cons i s t ed o f  two s ec tions o f  uni fo rm rec-
tangular cro s s  s e c t ion , one  measuring 12 . 41 em.  x 2 . 5 46 em. , 
the other 12 . 49 em. x 1 . 250 em.  The s e  were j o ined by a 
s traight -walled c onve rging s ec ti on .  The converg ing s e ct ion 
was symmetrical about the cent er line o f  the t wo uni form s e c ­
t ions and the c onve rg ing walls  made an angle o f  fiv e  degrees  
and fi fty-e ight minutes with the hori zontal . Diffus er  vane s 
a .  Flow t es t  channel be fore ins tallation o f  the 
cylindri cal  obs tacle  
b .  De ep end of channe l  showing flow di ffus er 
vanes and cylindrical  obs tacle  ins t alled  
Figure 6 .  Pho tographs of the flow t e s t  channe l  
35 
36 
were provided  at each end o f  the sys t em to  s pread the flow 
acro s s  the wide d imens ion and aid in rapid  e s t ab li shment of  
the two -dimens ional velocity pro fi le s . The channe l was 
mounted on an aluminum rail and was at ta ched  to  the ups tream 
c alming box and downstre am re turn line w ith short s e c t ions 
of rubber  radiator ho s e . The hos e  was s e cured with c ircular 
c lamps , and the ent i re as s embly could be moved back and forth 
along t he rai l .  
Thi s t e s t  c hannel provi ded an opportuni ty for ob s erv­
ing flow in uni form channe ls of different aspe c t  ratios ( 5 : 1  
and 10 : 1 )  and in s tra ight conve rgent and div ergent s ection s . 
In addi t ion a 0 . 7 18 em . O . D .  cylindrical rod was ins erted in 
the 2 . 5 46 em . deep s e c t ion about midway along it s length . 
The rod was mount e d  perpendi cular to  t he s i de walls  of  the 
channe l and ext ended all  the way ac ro s s  the flow path , the re ­
by permi tt ing a s tudy of the two-dimens ional flow about a 
cylindrical  obs t ac le .  The s e  details  may be obs erved in Fig­
ure 6 .  
The Fluid C irculation Sy s t em 
Aqueous mi lling yellow dye solut ions , the doubly re ­
fract ing t e s t  l i quids us ed , have opt i c al and v i s cous  proper­
t ie s  whi ch are extreme ly s ensitive to variat i ons in t empera­
ture . Therefo re the entire flow sys t em was ins t al led in an 
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air- conditioned laboratory in which the t empe rature was main­
tained at 25 . 0  + 0 . 5°C .  Furthe rmore , a constant t emperature 
bath was inc luded in the fluid c irculation sys tem to maintain 
� 0  the fluid t emperature at 25 . 0  t 0 . 1  c .  The c ons tant tempera-
ture bath was manufac tured  by the Ameri can Ins trume nt Company , 
S i lver  Sp ring , Ma ryland . I t had a c apac i ty of  16 gal lons , 
was re frigerated and heated , and had a cont ro l  rang e o f  -30°C 
t o +  72° C .  The temperature control  sy s t em emp loyed a bimetal-
l i e  s trip s ens ing e lement whi ch opened and c lo s e d  a s et o f  
contact po ints  a s  the t emperature in the bath ro s e  and fe ll  
respe c t ively .  The c on taining t ank was coppe r .  
Flui d c i rculat i on was provided by an Ec o Centrichem 
c entrifugal pump . The pump was driven by a 3/4 hors epower , 
110 volt , 60 cyc l e  A . C .  mo tor . The pump i t s e l f  had a Car-
, .  
penter 20 s t ainle s s  s t ee l  c asing and impeller , and a mechan-
i cal  shaft s eal . Flow lines were l- inch bras s s che dule 40 
p ipe and l- inch O . D .  3/4 - inch I . D .  Tygon ho s e .  A g las s 
rotame t er containing a s tainle s s  s te e l  p lummet measured the 
flow rate , and a pre c i s ion thermometer  reading to 0 . 050C for 
measuring flui d temp erature was mounted  in a c alming box 
j us t  ups t re am from t he flow t e s t  channel . An ov erall view 
o f  the f low s ys t�m i s  provided in Figure 4 ,  and the fluid 
c irculat ing sys t em is shown s chemat i cally in Figure 7 .  
The dye s o lut ions thems e lves  we re des ignat ed T-7  and 
T-8 and were prepared from commerc ia l lot s  of mi ll ing ye llow 
V E N T  T H E R M O M E T E R  T H E R M O M E T E R  
CA L M I N G  B O X  
F L O W  T E ST C H A N N E L  
C O N S T A N T  
T E M P E R AT U R E 
B A T H  
C E N T R I F U G A L  
P U M P  
R O TA M E T E R  V 
F L O W  C O N T R O L  
V A LV E 
Figure 7 .  Schema t i c  rep re s ent at ion of the fluid c i rculat ing sys tem 
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dye powde r ,  obt ain e d  from the Nati ona l  Ani line D i v i s i on o f  
the A l l i e d  Chemi c al and Dye Company . So lut ion T-7 al s o  con­
t ained a smal l amount of a s al t - fr e e  dye p owde r purchas e d  on 
special order from the Nat ional Ani l ine Div i s i on .  
. 1 
The C alibration Equipment 
In o rde r to c arry out a s uc c e s s ful flow analys i s  by 
the double r e fra c t i on t e chni que it is n e c e s s a ry to me asure 
c er t a in opt i c a l  pro pe rt i e s  o f  the doub ly refract ing t e s t  
l i quid a s  fun c t i o ns o f  the de forma t i on rat e . The s e  proper­
t ie s  a re mo s t  c onvenient ly meas ured in a conc entric  cyl inder 
po l a ri s cope . The vis c ous behavior of the f luid is al s o  of 
cons ide rable importanc e to the analys i s , and a c ap i l lary v i s ­
come t e r  with a c ont inuous ly va rying pre s sure he ad prov i d e s  a 
c9nvenient me an s o f  measur ing thi s behavior over the s tr e s s  
rang e o f  int e re s t for double refract i on s tud i e s . The s e  p i e c e s  
o �  e quipment V'i l l  be d e s cribed brie fly here . 
The Con c entric Cylinder Po lari s cope 
The c o ncent r i c  cyl inde r po la ri s cope ha s b e en d i s cus s e d  
i n  de t a i l  by a numbe r o f  authors ( 11 ) ( 25 ) , and n o  extens ive 
d i s cus s i on o f  it s theory o f  ope rat ion will be reproduce d he re . 
I t  c ons i s t s  o f  an opt i c al sys t em almo s t  ident i c al with that 
p re vi ous ly d e s c ribed for the flow t e s t  fac i l i ty .  The fluid 
to be calib rat ed is  placed in the annular s p a c e  be twe en two 
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c on c ent r i c  cyl inders i n  which a known r a t e  o f  d e fo rma t i on can 
be s e t  up by c aus ing the out e r  cyl ind e r  t o  r o t at e whi l e  the 
i nne r one rema ins s t a t i ona ry . Light from the o pt i c a l  sys t em 
pas s e s  through the fluid paral l e l  t o  the ax i s  of the cyl inders . 
The arra ng ement is s hown s chemat i c al ly in Figure 8 .  The de ­
v i c e  pe rmi t s  one t o  c al ib ra t e  t he order o f  the i s o chromat i c  
fr ing e s  agai n s t  the r a t e  o f  de forma t i on and t o  c al ibra t e the 
ang l e  b e twe e n  max imum s he ar s t r es s and l ig ht polar i z a t i on 
axe s  at whi ch i s o c lini c s  appear agains t the rate of de forma-
t i o n .  The c o n c e n t r i c  cyl inde r polari s c o p e  us e d  to c al ibrat e 
d oub ly re fr a c t ing l i quids for the pre s ent s tudy was manufa c ­
�ured b y  the R a o  Ins t rument Company , Bro oklyn , New York . 
The Capi l lary V i s c ome t e r 
A c a p i l lary v i s come t e r  sy s t em s imilar in p r inc i p l e  t o  
that d e s c ri b e d  b y  Maro n , Kr i eg e r , and S i sko ( 22 )  wa� us e d  t o  
det e rmine the v i s c o us behav i o r  o f  one o f  t h e  doub ly r e fra c t -
ing t e s t  l i quids . The v i s c o me t e r  wa s o f  the type us e d  by 
. H oneycutt and P e e b l e s  ( 19 }  but the dr iving pre s s ur e  for f l ow 
was prov i d e d  by a d i f ference in l e v e l  o f  the l i qu i d  be ing 
t e s t e d  in ext end e d  arms o f  the v i s come t er , rathe r  than by ex­
t e rna l  gas pre s sure . The c ap i l l a ry had a l e ng th o f  20 . 18 em . 
� 
and a rad ius o f  0 . 0529 e m .  The p re s sure he a d  vari e d  f ro m  
0 . 37 t o  9 . 44 e m .  o f  wat e r  provid ing a wal l  s he a r  s t re s s  o f  
0 . 476  t o  12 . 155 dyn e �  p e r  s quare c e nt ime t e n .  A wat e r  j acket 
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Figure 8 .  S chemat i c  repres entat ion of t he 
concentric  cylinder polaris c ope 
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fed from a c on s tant t emperature bath maint a ine d the t empe ra­
ture of the c ap i llary at 25 . 00° + o . os 0c .  during a v i s c o s i ty 
d e t e rmina t i on . A c ompl e t e  de s c ri p t i on of t he ins t rument and 
i t s  ope ra t ion is g iven by Havewala ( 17 ) . 
CHAPTER IV 
THE EXPERIMENTAL TECHNIQUE 
The experiment al t e chn i quffi o f  flow analys i s  by double 
r e fract ion methods fal l int o thr e e  ma j o r  cat ego ri e s : ( a )  the 
opt i c a l  cal ibrat ion of the doub ly re fra c t i ng l i qui d ,  { b )  the 
pho tographing o f  int e rference patt e rns produc e d  by the c a l i ­
bra t e d  l i quid i n  the f low t e s t  channe ls , and { c )  the measur e ­
ment o f  the s e  photog raphs to obt a in the s pat ial d i s t r ibut ion 
o f  i s ochroma t i c  and i s o c lin i c  curves throughout t he f i e ld o f  
flow . The s e  operat i ons a re no rmally perfo rmed i n  t he order 
men t i oned , an d he nce it wi ll be log i c a l  t o  d i s cus s the m  in 
that order . 
The Opt i c al Cali brat ion 
As long as c ons i de ration i s  re s t r i c t e d  to l aminar flow , 
the amount o f  d ouble re fraction in a doub ly re fract ing l i quid 
is a monot onic , inc reas ing funct i on of the r a t e  of d e fo rma ­
t ion in the p l ane norma l to the light path { 25 ) . The flow 
c ell of the c on c entric cyl inde r po la ri s c ope provides a light 
path o f  c ons t ant leng th ,  and a ne a rly uni form rat e of de form­
at ion no rmal to that light path . Thi s  rat e of deformat i on 
c an  b e  vari e d  at will by varying the s pe e d  o f  rot at ion o f  the 
out e r  cylinder .  
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I s o c hroma t i c  Cal ibra t i on 
When the fluid i s  at re s t ,  no double r e fract ion i s  
pre s ent and the flow f i e ld appears dark . When the out e r  
cylinder i s  s et in mo t ion , the fl ow f i e ld be c ome s b right and 
remains s o  a s  the s pe ed of rotat ion i s  inc re as ed unt i l  a 
po i nt i s  re ache d  whe re a dark band appe a rs in the f i e l d  ( the 
s o - c al le d  " fi r s t  orde r" i s o chromat i c ) .  This i s  the re sult of 
a g iv en amount of doub le re fract i on in the l i quid pro duc ing a 
re l at ive r e t ardat i on between the fas t and s low l ight rays , o f  
such magni tude that light int erference o c curs at the ana lyzer . 
The amount of doub l e  re fract i on nec e s s a ry t o  c au s e  thi s e f­
fe c t  c an b e  c a l culated from the l i quid depth and the wav e ­
leng th o f  l ig ht us e d  ( 25 ) . A s  the ra te o f  de forma t i on i s  
furthe r  increas e d , the fi eld bright ens aga in unt i l  a s e c ond 
dark band appe ars ( the " s e c ond orde r '' i s o chromat i c ) . ! s o ­
chromat i c s  o f  s t i l l higher order app e a r  when the ra t e  o f  de ­
fo rmat i on i s  inc r e as ed furth e r .  By not ing the s p e ed o f  r o t a ­
t ion at which e ach band appears , on e may make a calibra t ion 
plot of i s o chromat i c  order ( and hence amount of doub l e  r e frac ­
t ion ) versus s p e e d  o f  ro t at i on ( and he nc e rate of d e format ion ) 
for a g iven l i qui d . The ap pearanc e o f  the i s o chroma t i c  bands 
in the c al ib rat i on c e ll is shown in Figure 9 .  
Such a c a l i b ra t i on curve may then be us e d  t o  obtain 
the rat e  o f  de formation t o  be as s o c iated w i th an i s o ch romat i c  
of known order in the flow inte rfe renc e pat t e rns . The o rder 
R O TAT I N G  O U T E R  
C Y L I N D E R  
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O U B LY R E F RACT I N G  
L I Q U I D I N  A N N U LU S  
Figure 9. Appearance of the i s o clini c and 
is ochromat ic  fr inges  in the flow c e ll o f  the con­
c entri c cylinder po laris cope 
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o f  the i s o chromati c s  in the flow p at te rns mus t b e  obtained 
by cons ide rat ion of t he phys i c al s itua t i on p re s ent . In a 
s traight , pa ralle l-walled channe l ,  the z e ro o rder i s o chro ­
mat i c  ( corre s ponding t o  a zero rat e o f  de formation ) o c curs 
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at the c ent e r  o f  the channel and the othe r i s o chromati c s  in­
crease  in o rd e r  mono toni c ally t ow a rd the wal ls . In al l of 
the flow s ituat i ons s tudied , t he s e  i s ochromat i c s  of known 
order c ould b e  i dent ified in the undi s turbed flow ups t re am 
or downs t ream from the r eg ion of int ere s t  and fol lowed di­
r e c t ly into that reg i o n .  I s o ch romat i c s  not dire c t ly c onne c t ­
e d  wi th the s e  c ould b e  identi fied by not i ng  tha t ad j ac ent 
i s ochromat i c s  mus t  be of adj ac ent order , s i nc e  the rat e  of 
de formation in the flow fi eld is a conti nuous func t i on of 
pos i t ion.  
Calib ra t i o n  curves were p repared on the flow test  s o l ­
utions a t  t emperatures o f  24 . 75° , 2 4 . 95° , 25 . 00° , and 25 . 20°C .  
Graphfc a l  interpo lat ion was us ed . t o  obt a in c alib ra t ion values 
at o ther t empe rature s .  
I s oc lini c Calibrat io n  
I s o c linic bands appear i n  the flow pat t e rns at p o i nt s  
whe re the opt i c  axis o f  the f luid mak e s  a n  angl e  o f  0 ,  90 , 
180 , o r  270 deg re e s w i th the axi s  o f  the po lari z at i on o f  the 
inc i dent l ight . The opt i c  axi s  i s  a di re ct io n  cha rac t e ri s ti c 
o f  the opt i cal orientat i o n  of the doub ly refra c t ing l i quid 
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and fo rms a g iven ang le wi th the dire c t ion a long whic h  the 
maximum rate o f  de formation act s . Thi s  ang le is  known as the 
ext inct ion angle and i s  fre quent ly a function of the r ate  of  
deformation i t s e l f .  ( Se e  Prados and Peebles ( 25 )  for a 
fuller di s cus s ion o f  these  q uant it i e s . )  
S ince the annular flow c e l l  of the conc ent ri c  cylinder 
polaris c ope provides a c i rcular flow channel  of paralle l 
s t reamlines , the di re cti on of  the p lane of maximum r ate of 
de formation vari es through a full  360 degre e s  and i s  known 
at  each po int in the ce ll . There are four point s  in the 
c ell  whe re is ocl inic s  appe ar , c o rresponding t o  the angles  o f  
0 ,  90 , 180, and 270 degre es  made by the opt i c  axis  of  the 
fluid with the axis of polarization of the inc ident light . 
The s e  i soclinic s  appear as four dark areas , l ike the arms of  
a c ro s s  superimpos ed on the is ochromati c bands in the flow 
c e ll . The polari s c ope is provided with a cal ibrated s e t  o f  
c ro s s  hai rs s o  that the ang le made by the s e  i s o c lini c s  wi th 
the plane o f  po lari zat ion can be measured , and from it the 
ext inc t ion angle c an be cal culated . The s e  me asurements  made 
at various s peeds of rotat ion a llow one to p lot a s e c ond c al­
ibrat ion curve of ext inct ion ang le ve rsus rat e o f  deformat ion . 
Thi s c urve may b e  us ed a long with the i so chromati c s  to cal­
culat e the ang le betwe en the dire c t i on of  maximum s hear and 
the axis  o f  l ight polari zat ion indi cated by a g iven i s o c linic  
in  the flow tes t channel . The appearanc e o f  the i s o c lini c 
reg ions  in  the flow c ell  i s  shown in Figure 9 .  
The Phot ographing of  t he Flow 
Int erference Patterns 
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With t he flow sys t em set  up as  shown in t he p receding 
chapt er , the obtaining of the photographs of flow pat t e rns 
was a relat ive ly s imple procedure . The f low channel w as 
fir s t  pos it ioned s o  t hat t he s e c t i on o f  int eres t was d i re ctly 
in the cent e r  of the light path . The channe l was then level-
ed wi th a hand leve l .  Next the t emperature of the c o ns t ant 
t emperature bath was ad j usted as nearly as pos s ible to 25 . 0° C . 
The pump was s t art ed and the flow rate ad j us t ed unt i l  the 
des i re d  pat t e rn was produced in the £ield of view .  The flow 
rate  was r egul ated by the valve just befo re the ro tame ter . 
The c ame ra and s ec ond collimat ing lens we re adjus t ed 
unt il  a sharp imag e o f  the flow pat te rn appeared on the ground 
g la s s  reflex s creen o f  the came ra .  The light path through 
the liquid was approximat ely five inche s  long and the depth 
of fo cus of the lens system was no t s uffici ent to bring both 
channe l  walls and int erferen ce bands into s harp fo cus with 
the diaphragm opened wide . Howeve r ,  when the le ns was s top­
ped down to approximate ly f/1 1 ,  the depth of fo cus was in-
c reas ed suffi c i ent ly to g ive sharp images  throughout the field . 
With the c hanne l in sharp focus , a s e ries  of pictures 
was t aken at vari ous flow rates . For each pic ture the flow 
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rate and t emperature were recorded , the t emperature be ing 
read from t he pre c is ion the rmometer  in the calming box j us t  
ups tream from the flow te st  s ection . 
The optimum expo sure t ime and lens ape rture were ob­
tained by trial  and e rror for e ach film us ed . The fol lowing 
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Kodak Micro do l  developer was us ed for the P lus X ,  Micro File , 
and s ome o f  the Tri -X photographs . Kodak DK-50  deve loper was 
us ed for the r ema inder of the Tri-X pho tographs . The micro­
dol deve loper produced a photograph of fine r grain than was 
pro duced  by the DK-50 . Thi s was of  c on s i derable importance  
to  the final pho tog raphi c re sult s , s ince  each negat ive was 
enlarg ed to approximately 200 t ime s i t s  original are a .  Photo­
graphs we re obtained for flow in shallow a nd deep  straight 
channel  s ections , in the converg ing and diverg ing s e c t ions,  
and about the cylindri c al obstac le . 
Mos t  o f  the pho tographs of  the i so chromatic  pat t e rns 
we re made us ing c ircularly polarized , mono chromat i c  light , 
i . e . , wi th quart er-wave plat es  in place  and the s odium vapor 
lamp in us e .  Some i so chromatic  patterns , part icularly in 
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the converg ent and divergent s ect ions , were photographed us ing 
mono chromatic  plane polarized  light by s liding the quarter­
wave p lat e s  out of  t he light patho In  all  cas e s  the axi s  of 
polari zat i on o f  the polari zer  was v e rt ical  and that of  t he 
analyzer was hori zontal . 
In photog raphing the isoc linic patterns i t  was ne c e s ­
s ary t o  us e white  light s o  that t he b lack i s o c lini c s  could be 
dis t ingui shed from the co lored iso chromatics . Plane po lar­
i z e d  light of vari ous  ori entat ions was provided by ro tat ing 
the polar i zer  and analyzer together , k eep ing them cro s s e d  all  
the whi l e . I s o c linic  pho tographs were made for flow about a 
cylindrical  obs t a c l e  at vari ous orient ations  o f  polari z er and 
analyzer , but at a s ingle flow rat e and fluid t emperature . 
The polarizer  and an alyzer we re rotated  tog e ther in a count er­
c lo ckwi s e  dire c t i on ( looking toward the light s ourc e ) .  Pho to ­
graphs we re made at rotat i ons of 0 ,  15 , 30 , 45 , 60 , 75 , 90 , 
and - 15 degrees . The - 15 and 75  degre e patterns were ident i ­
cal , a s  were t he 0 and 9 0  degree patterns . 
Becaus e o f  marked changes over a period  of two we eks 
in the optical re spons e of the s o lut ion s  whi l e  they rema ined 
in  the flow sys t em ,  samples  were withdrawn on e ach day photo­
g raphs were made . The s e  were sto red  in g la s s  bottle s for 
lat e r  calibrat i on . 
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The Measurement o f  the Flow Pho tographs 
The ac curate lo cation of the i s ochromati c bands in the 
fie ld of flow was nece s s ary in order to  a llow the spec i fica­
t ion o f  the  maximum rate of de format i on t hroughout the field . 
S light ly different t e chnique s were employed for l� at ing 
the s e  patterns in the three  different type s of flow s tudi ed . 
The s e  me thods wi ll  be  di s cus s ed independent ly . 
Straight Paralle l Flow 
For ana lys is  of the flow in the stright channe l s ec ­
t ions i t  was ne c e s s ary t o  know the pos i t ion o f  the i s o chro­
mat i c s  along a vert i c al line acro s s  the c hannel .  Thi s in­
format ion was obtained by me an s of a verni er  c aliper e quip­
ped with a double c ro s s -hair s ighting g l as s  to  e liminat e 
parallax . The vernier could be r ead to  0 . 001 inch . Distan ces 
read from the photographs were convert e d  t o  ac tual dis tanc e s  
in the flow channel  b y  di rect  proport ion , us ing the ratio of 
the ac tual distance  from top to bottom of the flow channel to 
measure d di st ance from t op to bottom in the pho tog raph as a 
conve rs ion fac tor . 
Convergent or Divergent Flow 
The me thod of treat ing the dat a from the s e  s i tuat ions 
required that the pos i tion  of the i sochromat i c s  be  known 
along a curve normal  to  t he stre amline s - -he re the arc o f  a 
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c ircle  c entere d  at the hypo the t ical point of  int ersection of  
the non-parallel  wa lls . Thi s was done as fo llows . Firs t the 
pho tog raph was attached t o  a drawing board , the non-paralle l 
wal ls of the channel  were care fully extended with a s traight 
edg e , and the ir po int of int ers e c tion was located . A circu­
lar arc was then s truck betwe en the non-parallel walls with 
a compas s ,  us ing this po int of inters e c t ion as the c enter . 
Finally a draft ing machine pro tractor was us ed to measure the 
angle  made wi th the horizontal by the inte rs ection of each 
iso chromat i c  wi th the c ircular arc . This  informat ion , coup­
led with the known radius of the arc , allowed the c alculat ion 
o f  line ar di s tances  along the arc to the various po ints  of 
inters e ct ion by iso chromat i c s . The protractor  had a vernier 
which c ould be read to  one minute . 
Che cks on the measurements  we re provided by the know­
ledge of the true angle of convergence  ( diverg enc e )  of the 
channe l ,  and by the fact  that for pho tographs  taken in p lane 
polari zed  light an isoc lini c appears along the hori zont al  
c enter line  o f  the channe l .  Conve rs ion to t rue channe l dis ­
tances  was made in the same manner as fo r the c as e  o f  straight 
parallel  flow . 
Flow about a Cylindrical Obs tacle 
For analys is  of this generali z ed two-dimens ional flow 
s ituat ion value s o f  the maximum de format ion rate  were ne eded 
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at each corner of a rectangular grid s e t up in the fie ld of 
flow . The photograph was first  laid o ff into a s quare grid , 
e ight unit s  vert ically by eight e en unit s  ho rizontally . Next , 
the pos i t ion of  the i so chromat i c s  along e ach ve rt ic al line 
of the gr id was c are fully measured us ing a s cale div ided 
into  l/60-inch intervals . A graphical interpo lat ion plot o f  
de formation rat e { obtained from the i so chromat ic  me asure ­
ments ) versus dis tance  was prepared for each vert i cal  line . 
From the s e  interpolat ion plots , the value s of  t he deformat i on 
rat e at each corner o f  the grid could b e  ob tained .  
The angle  made by the plane o f  maximum de formation 
rat e with the horizontal was also r equired . Thi s was ob­
tained from the i s o c linic photographs made at d i fferent ori­
entat ions o f  the polari zer  and analy z e r .  A she et of  trac ing 
ve llum was laid  off in a grid ident ical  t o  that on the i s o ­
chromat i c  photograph . On this were traced  the i s oclini c s  
from each pho tograph made at different o rientations o f  light 
polari zat ion . The pos it ion of each i s o c linic was loc ated 
along the vertical grid line s , and g raphical int e rpo lat ion 
plots we re pre pared jus t  as in the cas e of the i s o chromat ics . 
From the s e  plot s , the angle between the opti c axi s  of the 
fluid and the horizontal c ould be obtained at e ach po int on 
the g rid . Sinc e the rate of deformation was known at each 
point , the extinction ang le  calibration curve s could be us ed 
to  obt ain the angle made by the opt i c  axis  wi th the plane of 
maximum de formation • . The two angles  could then be c ombined 
to yield the des ired angle between the p lane o f  maximum 
deformat ion and the hori zontal . 
Supporting Expe rimenta l  Ac tivit ie s 
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In s upport of the maj or expe rimental activi t ie s  j us t  
de s c ribed i t  was nec e s s ary t o  carry out a cons iderabl e amount 
o f  additional work . This  included the p reparat ion of t e s t  
s o lut ions , the c al ibrat ion o f  the flow me t e r ,  and the deter­
minat ion of  t he viscous behav ior of  t he dye . The s e  pro ced­
ure s  wi l l  be di s cus s ed below . 
Solut ion Preparation 
Solut ions of  mi lling yellow dye exhibit  a flow doub le 
re fract ion in the conc ent ration range from about 1 . 2  to  2 . 0  
per c ent dye by we ight . Becaus e o f  the low s olubility o f  
the dye at ro om t emperature the solution c annot b e  prepared  
dire c t ly .  The te chnique fo llowed was t o  heat a quant ity of  
dis t illed  wat e r  to  the bo iling point and then add enough of 
the dye powde r to form about a 1 . 0  per c ent s o lut ion . After 
s o lut ion of  the dye , bo iling was c ont inued unt il  a conc entra­
t ion in the neighborhood of 1 . 5  per c ent was attained . The 
dye s o lut ion was then c o oled and t rans ferred t o  the flow sys ­
tem .  I ts  conc ent ration was adjus t ed with dis ti lled water 
unt il  suitable double refract ion prope rt ie s ( as de termined by 
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visual  examinat ion of  flow patt e rns pro du c ed )  we re obtained . 
Thes e  cont ain e d  about 1 . 3  per cent dye by we ight . 
Becaus e of  the rathe r long light path ( approximately 
five inches ) in the solut ion 9 any s light darkening o f  color 
obs cured the flow pat t e rns . Such darkening would o c cur in 
the so lut ions aft er  about two weeks of us e �  and a fre sh s o l­
ut ion would be  pre pa re d .  The flow system conta in ed  about 
twenty ga llons of dye s o lution . Preparation o f  fresh s o lu­
t ions was ac c ompl ished in a thirty-gallon s t e am-heated 
bath . 
Flow Meter  Calibrat ion 
The total  dis charge  in t he sys tem was me t e red by a 
glass  rotamet e r  con tain ing a s ta inle s s  s te e l  p lummet . Thi s  
ins trument was c a lib rated  by a g ravimetric  t e chnique . Flow 
was dive rted  into a tared cont ainer � and the t ime r e quired  
for a given mas s  o f  dye to  fl ow in t o  the containe r was meas­
ure d for various plumme t elevat ions . The dens ity of t he  dye 
s o lut ion was determine d on a s p e c i fic  gravity balanc e .  The 
results we re p lot ted as a calib ration curve of dis charge in 
cub i c  c ent ime t ers pe r s e cond ve rsus rot ame t e r  re ading . 
Vi s c o s ity Det e rminat ion 
Doubly refract ing s o lutions of milling yellow a re 
known to exhibit marked non-Newt onian behavior when sub j e cted 
to  shearing s t re s s e s  greater than five or  t en dyne s p er 
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s quare c ent ime t er ( 19 ) . However , no data were avai lable on 
th es e s o lut ion s at very low s t res s e s , such as  we re produc ed 
in the flow t e s t  channe l .  Henc e the vis cous behavio r  of the 
dye was inves t igated us ing a va riable-head c apilla ry vi s ­
c ome t e r  des igned on  the ope rat ing principle s et forth by 
Maron , Kriege r ,  and Si sko ( 22 ) . The dye was int ro duced into 
the viscomet e r  and al lowed to ri s e  about hal fway up the ex­
tended manome ter  legs . Air pre s s ure was appl ied to c aus e 
the dye to ri s e  in one leg and fall  in the o the r ,  pro duc ing 
a diffe rent ial head acro s s  the c api llary . Then the p re s sure 
was removed and the rate of fall ( o r ri s e ) in each manometer 
leg was me asured  wi th a c athetome t e r  and a s t opwat ch . The 
dat a  were t re ated  by the method of Maron , Kr i eger , and S isko 
( 22 ) . Details  of  the exper iment al arrang ement and data 
tre atment a re g iven by Havewala ( 17 ) . 
CHAPTER V 
THE ANALYSIS OF THE FLOW PATTERN PHOTOGRAPHS 
AND REPRESENTATIVE RESULTS 
A pre s ent at ion wi ll  now be made of the metho ds us ed to 
analyze the measurements taken from photog raphs of the flow 
doub le  refrac tion patterns . The metho ds us ed  di ffered  fo r 
the thre e types  of flow analyz e d ,  and he nc e a s eparate dis­
cus s i on wi ll b e  given for e ach type o f  flow . 
Straight Paralle l  Flow 
The me asurement s t ake n from the pho tog raphs  of  s traight 
parallel flow gave the location of each i s o chromati c  a long a 
vert ical line  from the t op to the bot tom o f  the flow channel .  
Fr-om the opt i c a l  calibration curve fo r the t e s t  liqui d ,  a rate 
of deformation  was as s oc i at ed with  e ach i sochromat ic , and 
henc e the rate o f  deformation c ould b e  plott e d  versus di s ­
tanc e acro s s  the channel .  Such photog raphs and plots a re 
shown in Figure s  10 and 11. 
For s traight paral le l flow , the ra t e  of deformati on 
and v e loc ity gradient a re equal . H ence graphic al int egration 
of the curve of  rate  of  deformation v ersus dis tan c e  was us ed 
to obtain a s imi lar curve of  value s of velo c ity versus dis­
tance acros s the channe l .  Thi s  unidirectional ve lo c ity dis ­
tribut ion curve was then integrated to  yield the t otal  
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Photog raph des ignation 98Tll  
Channe l  depth : 1 . 250  e rn .  
So luti on calibrat ion : T-7 , 25 . 00°C 
Meas ured dis charge 18 . 1  cu . crn . /s e c . 
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Figure 10 . Flow patte rn photog raph and plots  
of ve loc ity gradient and v e lo c ity versus dis tanc e 
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Figure 1 1 .  Flow pattern photog raph and plo t s  
o f  velo c ity gradient and ve loc ity versus dis t ance 
for a s t raight channel  of 5 : 1  aspe c t  rat io 
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dis charge through the channel . The re sult s of the s e  calcula-
t iona for the cas e s  i l lustrated in Figures  10 and 11 a re t ab-
ulated in Tables  I and I I . 
In addit i on the v.e locity dis t ribut ion in the 10 : 1  as-
pect  rat io  channel  was compared with that calculated  from 
vis cous information . The r esult s o f  the v i s c o s i ty determin-
at ions  showed  that the te st  s o lut ion us ed  behaved  as a New-
t onian fluid wi th a vis co s ity of 17 . 13 c ent ipo i s e s  at rat e s  
of  defo rmation from twelve down to  two rec iproc al s econds 
( the range of int erest  o f  the pre s ent inves t igati on ) .  Henc e , 
the formula for vel o c i ty dis tribution o f  a Newt onian fluid 
flowing between two parallel plate s ,  
where 
u = 3 4 
u = linear velocity in the po s itive x d i re c ti on , 
cm. /s e c . 
Q = dis charg e , cu . cm. /s e c . 
b = width of c hanne l ,  em.  
y = v e rt i cal d i s t anc e coo rdinate measured from 
c ent e r  of channe l ,  em. 
a = distanc e from c ent er of channe l  t o  wall , em. 
( 25 )  
was as sumed t o  hold for the high aspec t  rat io  channel  and was 
us ed to c al culate the velocity  pro fi le . Equat ion  ( 25 )  i s  
TABLE I 
DISTRIBUTION OF VELOCITY AND VEUYCITY GRADIENT 
ACROSS A STRAIGHT CHANNEL O:F ASPECT RAT IO 10 : 1 
Dis tanc e Velo c i ty Calculated  
from Bo t tom Gradient Veloc ity 
em .  s e c- 1  cm,/s e c . 
0 5 ._ 56  0 
0 . 1  4 . 67 0 . 5 14 
0 . 2  3 . 74 0 . 934  
0 . 3  2 . 85 1 . 26 2  
0 . 4  1 . 95 1 . 502 
0 . 5  1 . 08 1 . 654  
0 . 625 0 1 . 720 
0 . 7  0 . 65 1 . 715 
0 . 8  1 . 53 1 . 606 
0 . 9  2 . 42 1 . 409 
1 . 0  3 . 32 1 . 123 
1 . 1  4 . 23 0 . 744 
1 . 250  5 . 58 0 
Ca lculated  Dis charge : 18 . 1  cu . cm. /s e c . 
6 1  
TABLE I I  
DISTRI BUTION O:If VELOCITY AND VELOCITY GRADIENT 
ACROSS A STRAIGHT CHANNEL OF ASPECT RATI O  5 : 1  
Dis tanc e Veloc i ty Calcula ted 
from Bo ttom Gradient Velo c i ty 
e m .  s e c- 1  cm./s e c . 
0 10 . 44 0 
0 . 20 8 . 95 1 . 972 
0 . 40 7 . 21 3 . 586 
0 . 60 5 . 5 4  4 . 86 2  
0 . 80 3 . 8 2 5 . 794  
1 . 00 2 . 17 6 . 390 
1 . 20 0 . 53 6 . 656  
1 . 273 0 6 . 796  
1 . 40 1 . 06 6 . 729 
1 . 60 2 . 67 6 . 355  
1 . 80 4 . 35 5 . 655  
2 . 00 6 . 05 4 . 619  
2 . 2 0 7 . 82 3 . 225 
2 . 40 9 . 55 1 . 491  
2 . 546 10 . 33 0 
Calculate d Dis  charge : 142 . 1  cu . cm. /s e c . 
62  
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derived in mo s t  bas i c  fluid mechanics  t exts as , for example , 
Purday ( 26 ) . 
Agre ement betwe en ve locities  calculated from e quat ion 
( 25 )  and the flow doub le refract ion me asurement s was exce llent. 
A c ompa rison of  the two i s  shown in Figure 12 . 
C onverg ing and Diverg ing Flow 
Pho tog raphic  measu rements o f  conv ergent and divergent 
flow gave the i s o chromat ic po s itions  along c ircular arcs c en-
tered and the hypo thet i cal point of conve rg ence  of the non-
parallel  channel  walls . The r at e  of d e formation a long such 
an arc could be obt ained from the opt i c a l  c alibration curve 
of the te st liquid , but he re the veloc ity gradient was no 
longer e qual to  rat e  of deformation . The veloc ity profile  
could b e  obtai ned , howeve r ,  by direct  numeri cal  int egration 
o f  e quat i on ( 18 )  
where  
v . c:s 
n • 
E = 
r '  -
a v 
On 
ve loc i ty 
dis tanc e 
• 
along a s t reamline , 
along c i rcular arc 
rate of  deformation , s e c - 1  
radius of  c ircular arc , e m .  
( 18 )  
cm . /s e c . 
no rmal to  flow , e m .  
subj ect to the boundary condi t ions of  zero ve lo c i ty at the 
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D I STANCE F ROM BOTTOM WA L L , C M . 
Figur e 12 . Comparison o f  veloc ity profiles  
calculat ed from equat ion ( 25 )  and obtained from flow 
doub le re frac t ion measurement s 
walls . Int egra t ion was carried  out by the me thod o f  Runge 
and Kutta ( 28 } . The re sult s o f  su ch int eg ra t ions at three 
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lo c ations  along a divergent channe l are s hown graphica lly in 
Figure 13 and are t abulated in Table I I I . S imi lar result s 
for flow in a converg ent channel are g ive n in Figure 14 and 
Table  IV . 
S ince  flow acro s s  a c lo s e d  curve in two dimens ions i s  
e qual to the v e lo c i ty component normal to  the curve time s  the 
leng th o f  curve , the dis cha rge through a conv e rging or diverg-
ing channel of high aspect  rat io  can be c alculated  f rom the 
expre s s ion : 
( 26 }  
where 
Q = dis charge , cu . cm . /s e c . 
b - width of channe l , em . 
V = velo c i ty c omponent normal  to c ircular arc 
( ve lo c ity al ong a s t re aml ine ) , cm . /s e c . 
n = dis tan c e  coordinate from wall measure d  a long 
c ircular arc , em. 
N = total  dis tance from wall to wall along c ircular 
arc , em.  
Dis charge s  calcu l at ed from e quati on ( 26 )  are g i ve n  in Fig -
ure s 1 3  and 14 . 
..J 
Pho tograph de s ignat ion 98Bl9 
Solut ion c alibrat ion : T-7 , 24 . 85°C 
Measure d dis charge : 134 . 6  cu . cm. /s ec . 
Calculated di s charge : 
r '  = 8 . 81 e m .  
r' = 10 . 31 em. 
r'  = 11 . 31 em . 
Q = 136 . 4  cu . cm. /s e c . 
Q = 138 . 7  cu . cm. /s e c . 
Q = 139 . 7  cu . cm. /s e c . 
..J . 
ct :E  31: 0  r ' = I I . 3o eM 
.....�-:!: < 0 :!:  
1- Q:  
r' c 8 .82 eM . 
a:;;;::: 1- 0 1 6 o z · lXI 1 .2 
:�: :!:  0 � 0.8 
ll: Q:  
LL 1- 0.4 
f-----
LIJ (/) 0 (!) 0.0 z z 0 
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V E LOC ITY ALONG STREAMLI NE , CM./ SEC. 
Figure 13 . Pho tograph and developed veloc i ty 
profiles  for flow in a diverg ing channe l 
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TABLE I I I  
CALCULATED VELOCITY PROFILES ACROSS A DIVERGENT CHANNEL 
Radius of  Stream No rmal 9 r 1  Radius of S tream Normal 9 r 1  Radius of Stream Norma l 9 r 1  
8 . 81 em . 10 . 31 em.  ll o 3l em.  
Dis tance  from Wall Di s tanc e from wal l  Dis t anc e from Wal l  
alang Stream Normal v along S tream No rmal v along St re am Normal v 
n em.  n e m .  n em.  
e m .  s e c . em.  s e c . e m . s e c . 
0 0 0 0 0 0 
0 . 108 1 . 604 0 . 26 1  2 . 84 1  0 . 164  1 . 476  
0 . 308 4 . 586 0 . 46 1  5 . 008 0 . 364  3 . 314  
0 . 508 7 . 265 0 . 66 1  6 . 9 12 0 . 564 5 . 097 
0 . 708 9 . 104 0 . 8 6 1  8 . 213  0 . 764 6 . 646  
0 . 908 9 . 719 1 . 061  8 . 65 7  0 . 964  7 . 676 
l o l08 9 . 187 1 . 26 1  8 . 194 1 .. 164  8 . 012 
1 . 308 7 . 337 1 . 46 1  6 . 895  1 . 364  7 . 695  
1 . 508 4 . 595 l o 66l  5 . 003 1 . 56 4  6 . 657  
1 . 708 1 . 601  1 . 86 1  2 . 84 2  1 . 764 5 . 099 
l o 8 l6 0 2 . 12 2  0 1 . 964 3 . 316 
2 o l64 1 . 476 
2 o 328 0 
...J ...J • ct :E 
31: o .. 
...J :E < O :E t- o::: t- O  O z m 
:e :E o < o::: w 
� �  
w (f) 0 C)  z z � g 
� <  0 
Photograph des ignat i on 97Bl4 
Solution c alibrat ion : T-7 , 24 . 90°C 
Me asured dis charge : 81 . 2  cu . cm. /s e c . 
Calculated dis charge : 
r 1 • 8 . 40 em . 
r '  = 10 . 00 em.  
r '  = 10 . 97 em • 
Q = 91 . 5  cu . cm. /s e c . 
Q = 91 . 9  cu . cm . /s ec . 
Q = 88 . 8  cu . cm. /s ec . 
r ' •  10. 97 CM . 
.'\ 2.oo! 
'• I O. 00 CM. 2.r � I r\. - r • 8. 4 0 C M . _'\. 1 . 6 � \ 1 .6 -� 1 .6 \ 1 .2 � 1 .2 ' 1 . 2  - - - - -0.8 
0.8 j_ / 0.8 .J. 0.4 � / 0 .4 / / 6-8 0.4 v 0.0 0 2 4 /':: -� 0.0 0 2. 4 6 o.o0 2 4 6 
V E LOCITY ALONG ST REAM L I N E , CM . / SEC. 
Figure 14 . Photog raph and deve loped velocity 
pro fi les  fo r flow in a conv e rging channel 
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TABLE IV 
CALCULATED VELOCITY PROFILES ACROSS A CONVERGENT CHANNEL 
Radius o f  Stream Normal � r ' Radius o f  Stream Norma l , r '  Radius of S tream Norma l , r 1 
8 . 40 em.  10 . 00 em.  10 . 97 em.  
Dis tance  from Wall  Dis t anc e from wall Dis tanc e from Wall 
along Stream Normal v along Stream Normal v a long Stre am Normal v 
n em . n em .  n em .  
em .  s ec . em .  s ec . em .  s e c . 
0 0 0 0 0 0 
0 . 118 1 . 730 0 . 133 1 . 382  0 . 132  1 . 149 
0 . 268 3 . 5 11 0 . 333 3 . 05 5  0 . 332  2 . 501 
0 . 468 5 . 043 0 . 533 4 . 16 4  0 . 532  3 . 4 42 
0 . 668 5 . 853 0 . 733 4 . 831  0 . 732  4 . 048 
0 . 868 6 . 06 4  1 . 033 5 . 14 6  1 . 132 4 . 604 
1 . 068 5 . 870 1 . 333 4 . 806 1 . 532  4 . 05 5  
1 . 268 5 . 055  1 . 533 4 . 150  1 . 732  3 . 446  
1 . 468 3 . 508 1 . 733 3 . 05 1  1 . 932  2 . 501 
1 . 6 18 1 . 7 29 1 . 933 1 . 381  2 . 132  1 . 149 
1 . 736 0 2 . 06 6  0 2 . 26 4  0 
70 
Flow about a Cylindrical  Obs tac le 
The pre c eding chapter dis cus sed the method by whi ch 
the maximum rate of deformati on and a ngle  ma de by this maxi­
mum rate with the hori zontal could b e  obtained from the flow 
pho tog raphs . The s e  va lue s were found at e ach co rne r o f  a 
s quare grid o f  144 po ints , e ighteen units  along the channel 
by e ight uni t s  ac ro s s  the channe l .  The v alue of the c ompon­
ent of de format ion act ing in the p o s i tive x dire c t ion was 
found from the re lat ionship below ,  which follows dire c t ly 
from e quat ion ( 22 )  
where 
Exy = E cos  2 8 
E = maximum rate o f  deformat ion in the fluid 
Exy = component of deformation r at e  act ing in the 
pos i t ive x direct ion 
e = angle  made by plane of maximum deforma t ion 
with the po s itive x direct ion 
( 27 )  
The s e  quant i t i e s  were obtained from the ext inct ion  ang le , 
i s o c linic angle , and iso chromat ic  fring e s  as  shown in Ap­
pendix F .  The v alue s o f  Exy obtained at the corners o f  the 
gr i d  are tabula ted in Figure 15 . The v alue s we re t he n  us ed  





;;: 5 z 





-:3 . 59 
- l .  900 
- 2 . 62 
- 1 . 731 
- 1 . 72 
- l .  299 
-0 . 82 
- 0 . 690 
0 
0 
0 . 82 
0 . 690 
1 . 70 
1 . 294 
2 . 62 
1 . 728 
3 . 6 1 
1 . 893 
0 
- 3 . 5 9  - 3 . 6 1  -3 . 72 - 4 . 05 - 4 . 62 - 6 . 09 - 8 . 19 
- 1 . 900 - 1 . 900 - l .  900 - 1 . 900 - 1 . 900 - 1 . 900 - 1 . 900 
- 2 . 6 2 - 2 . 58 - 2 . 52 - 2 . 50 - 2 . 5 1  - 1 . 81 -2 . 55 
- 1 . 731 - l .  733 - l .  726 - 1 . 7 12 - l .  700 - 1 . 648 - 1 . 326 
- 1 . 72 - 1 . 62 - 1 . 51 - 1 . 19 -0 . 080 1 . 32 2 . 60 
- l .  299 - l .  296 - 1 . 290 - 1 . 273 - l .  206 - 0 . 943 -0 . 75 1  
-0 . 82 -0 . 83 -0 . 64 0 . 74 0 . 99 2 . 04 2 . 56 
- 0 . 690 -0 . 692 - 0 . 690 -0 . 663 -0 . 508 - 0 . 443 - 0 . 228 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 . 82 0 . 81 0 . 6 4  - 0 . 83 -0 . 97 - 2 . 84 -4 . 49 
0 . 690 0 . 687 0 . 688 0 . 659 0 . 44 9  0 . 450 0 . 163 
1 . 70 1 . 62 1 . 48 1 . 20 0 . 21 -0 . 67 - 1 . 35 
1 . 29 4  1 . 296 1 . 281 1 . 268 1 . 207 0 . 947 0 . 853 
2 . 6 2  2 . 62 2 . 54 2 . 60 2 . 81 3 . 21 4 . 29 
1 . 728 1 . 724 1 . 726 1 . 707 1 . 698 1 . 678 1 . 467 
3 . 6 1 3 . 69 3 . 72 4 . 20 4 . 77 6 . 12 8 . 22 
1 . 893 1 . 893 1 . 893 1 . 893 1 . 893 1 . 893 1 . 893 
1 2 4 5 6 7 
Vert ical order o f  tabulat ion : 
( top to  bottom in a s quare ) 
- 9 . 50 - 9 . 50 -8 . 33 - 6 . 27 - 4 . 9 9  - 4 . 32 - 3 . 82 - 3 . 6 7  -3 . 60 - 3 . 5 9 
- 1 . 900 - 1 . 900 - 1 . 900 - 1 . 900 - 1 . 900 - l .  900 - 1 . 900 - 1 . 900 - 1 . 900 - l .  900 
-4 . 39 - 4 . 70 - 4 . 35 - 3 . 80 - 3 . 05 - 2 . 62 - 2 . 62 - 2 . 62 -2 . 62 - 2 . 62 
- l .  2 6 1  - 1 . 367 - 1 . 520 - l .  489 - 1 . 632 - 1 . 685 - l .  712 - l .  730 - l .  730 - 1 . 733 
0 . 68 0 . 16 0 . 50 0 . 76 0 . 42 -0 . 26 - 1 . 00 - 1 . 3 8  - 1 . 55 - 1 . 70 
- 0 . 34 8  - 0 . 4 41 -0 . 76 9  -0 . 867 - 0 . 965 - 1 . 179 - 1 . 250 - l .  277 - l .  298 - 1 . 296 
3 . 00 3 . 58 3 . 70 2 . 57 1 . 37 0 . 78 0 . 67 - 0 . 5 1  -O . ?l -0 . 79 
-0 . 049 - 0 . 07 2  -0 . 150 - 0 . 322 - 0 . 457 -0 . 504 - 0 . 643 - 0 . 678 -0 . 686 -0 . 692 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 
-3 . 00 -3 . 36 - 1 . 4 7  - 1 . 03 - 0 . 93 -0 . 66 -0 . 65 0 . 35 0 . 73 0 . 78 
-0 . 04 8  0 . 159 0 . 286 0 . 4 19 0 . 476 0 . 517 0 . 6 2 9  0 . 673 0 . 685 0 . 687 
-0 . 63 -0 . 7 0  - 0 . 66 - l . ?l -0 . 6 4 0 . 72 1 . 02 1 . 41 1 . 62 1 . 70 
0 . 546 0 . 585 0 . 727 0 . 866 1 . 030 1 . 172 1 . 25 9  1 . 259 1 . 289 1 . 296 
5 . 05 3 . 84 3 . 92 3 . 18 2 . 83 2 . 77 2 . 73 2 . 70 2 . 68 2 . 62 
1 . 502 1 . 483 1 . 454 1 . 511 1 . 62 7  1 . 699 1 . 7 19 1 . 7 2 9  1 . 726 1 . 724 
9 . 60 9 . 60 8 . 4 8  6 . 63 5 . 31 4 . 53 4 . 03 3 . 83 3 . 68 3 . 6 1 
1 . 893 1 . 893 1 . 893 1 . 893 1 . 893 1 . 893 1 . 893 1 . 693 1 . 693 1 . 893 
6 9 10 ll 12 13 14 15 16 17 HORIZONTAL COORDINATE 
x-component o f  deformat ion rat e , Exy 
s tream functi on , � 
Figure 15 . Tabulat ion of  value s of the x- component o f  the rate 
of de format ion , Exy ' and the s t ream function , � '  at the cor ners of 
the c oordinat e grin 
- 3 . 59 
- 1 . 900 
- 2 . 62 
- l .  731 
- 1 . 72 
- l .  299 
-0 . 82 
-0 . 690 
0 
0 
0 . 82 
0 . 690 
1 . 70 
1 . 294 
2 . 62 
1 . 728 
3 . 6 1 
1 . 693 
18 
where 
a2 w --- lfL E cos  2 8 
a Y2 
'-JI - the Stokes s tream function 
72 
(23 ) 
This  e quat ion was integrated in difference  form ( s e e  Chapt er 
I I , page 27 ) ,  and r equ ired as boundary condit ions  the value s 
of � along the t op and bot tom o f  the channe l and along two 
adj ac ent vert i c al grid lines ups t ream and two downs t re am from 
the obs tacle . Thes e values were obtained  as  fo llows � 
For undis turbed unidirectional flow , the s t re am func­
t ion , \j! ,  c an be calculated acro s s  the channel from the fo l-
lowing relati onships 
u = - .$JL 
dy 
y 
and henc e 1/f ( y )  = 1/t ( o ) -J Udy 
0 
where  
{ 28 )  
u - ve lo c i ty component in the pos it ive x dire ct ion , 
" 
cm. /s e c . 
S ince  � may only be spec i fied  wi th re ferenc e  t o  an arbitrary 
cons tant , the value of  � was chozen as z ero at the c enter  o f  
the channel  and ot he r  value s o f  � out to  the t op and bo t tom 
walls were calcula t ed from equat ion ( 28 ) . Then us e was made 
· of the fa ct  that � is  constant a long s t re amline s and s o lid 
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boundarie s .  This immediately spec i fied � along the top  and 
bot tom of  the channe l �  and from symmetry c on s i derat ions , 
along the c ent er line o f  the channel and the cylinder bound· 
ary as  we ll . The s e  c alcu lations are shown in Appendix F .  
From the nature o f  the differen ce form o f  e quation ( 23 )  
i t  was ne c e s s a ry  to  pe rform iterat ion s tart ing al ong both up­
s t ream and downs t re am edges  o f  the grid  and wo rk ing toward 
the middl e . The r e sult s of the iteration pro c e s s  are shown 
in t abular form in Figure 15 . Graphic in terpo lat ion was us ed 
t o  determine curves  along whi ch � has a cons tant value . 
The s e  are the s t reamline s of flow about the obs tacle . The 
photog raphs and curves  o f  Figure l6 � i llus trate the s t eps  in 
the development of the s e  s treamlines from t he flow pho to­
graphs . Calculat ion procedure s  and inte rmediat e re sults ap­
pear in Appendix F .  
Unfortun at e ly the re sults o f  the c a lculat ion c ould not 
be che cked by calculat ing the di s charge , s inc e the flow 
through the channe l  was already fixed by fixing the value s 
of the s tream funct ion along the bounda ri e s . A numb er o f  
theoretical result s ( 2 ) ( 3 ) ( 31 )  for flow o f  a v i s c ous fluid 
about a cylinde r were examine d 9  but they we re a l l  develope d 
for e ither the c as e  of  unbounded flow ( 31 )  or fo r a Reyno lds 
numbe r  of  the order of 0 . 1  ( 3 ) . The Reyno lds number  calcu­
lated for t he pre s ent si tuation was 3 . 81 9 cal culat ed as  
fol lows : 
a .  I-s ochroma t i c  pho tograph 
c .  I s o chromatic  trac ing 
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e .  Deve loped s t reamlin e s  about cylinder 
Figure 16 . Steps in the development of s t re amlines about a cyl inder 
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Re = D U p 
J.L 
( 29 )  
where 
Re = Reyno lds numbe r ,  dimens ion le s s  
D = diame t e r  of cylindri cal obs tac le , em.  
u = ave rage flow velo c ity cm . /s e c . 
p = fluid dens ity , gm. /cu . cm.  
J.L = fluid v i s c o s i ty ,  poi s e s  
. A c alculat ion o f  the vis cous drag coeffi c i ent for flow 
about the cylinde r was made as illus t rated in Appendix G . 
Again che cking was hampered by the lack o f  avai lable measure -
ment s i n  the l iterature for f low about a cylinde r i n  a c lo s e ly 
bounded channel . The value of t he vis cous drag co effi c i ent 
of 1 . 83 obtained from double refrac t ion measurement s  was com-
pared wi th the expe riment al value of  2 . 0 given by Golds t e in 
( 14 )  for flow in an unbounded channe l  at t he s arne Reyno lds 
numb e r .  The value of  1 . 86 c alculated from the expre s s ion of 
Bairs tow et  al . ( 3 ) ( 4 )  for flow in a bounded channel at Rey-
nolds numbers les s than 0 . 1  gave bett e r  agre emen t . 

CHAPTER VI 
TABU�TED RESULTS AND DISCUSSION 
Some tabulations will  now be pre s ented  t o  show the 
agreement obt ained  between the flow rates  ca lculated  from the 
flow double  refract ion measurement s  and tho s e  mea sured  by the 
flow met e r  in the sys tem. The s e  and othe r  r esult s  will be 
di s cus s ed along wi th va rious sourc e s  of e rror in the f l ow 
double  re fract ion te chni que . Sugge s t ions will b e  offered 
for the reduc t i on o f  the s e  errors , and bri ef  ment ion wi ll  be 
made of pre s ent and future inve s t igat ions on further proper­
t i e s  of  aqueous milling ye llow so lut ions . 
Flow in Straight Channels  
The result s for f low in s t ra ight channels  a re g iven 
in Table v . Twenty- s ix flow s ituat ions were ana lyzed  and 
the c al cula t ed and measured flow rat e s  compare d .  Agre ement 
between cal culat ed and me asured flow rates  was within a maxi­
mum deviat ion o f +  7 . 3 ,  -9 . 6  per c ent , and a me an s quare devi­
at ion of  4 . 22 per c ent . This  info rmat i o n ,  couple d with the 
exc e l lent agreement between veloc ity pro fi le s  from flow 
double  re frac t i on and vis cous measureme nt s  s hown in Figure 12 , 
tends to confi rm the va lidity of  the t e chni que when applied 





























AGREEMENT BETWEEN OBSERVED DISCHARGES AND THOSE 
CALCULATED FROM DOUBLE REFRACTION MEASUREMENTS 
FO R FLOW IN STRAIGHT CHANNELS 
Dis charge Calculated  
f rom Flow Double Re ­
fract ion Me asurement s 
cu . cm./s ec . 
159 . 0  
23 . 2  
115 . 9  
142 . 2  
142 . 1  
18 . 1  
5 1 . 0  
127 . 5  
43 . 4  
138 . 0  
59 . 6  
85 . 4  
74 . 3  
81 . 4  
59 . 4  
31 . 3  
170 . 4  
36 . 4  
27 . 0  
30 . 5  
55 . 6  
33 . 9  
99 . 6  
54 . 6  
174 . 0  
47 . 1  
Di s charge 
Read from 
Flow Meter  
cu . cm./s e c . 
155 . 7  
23 . 2  
116 . 7  
144 . 4  
143 . 3  
18 . 1  
48 . 0  
127 . 2  
44 . 2  
134 . 6  
55 . 8  
81 . 2  
77 . 9  
78 . 8  
63 . 0  
33 . 5  
170 . 0  
38 . 2  
27 . 0  
30 . 8  
61 . 5  
35 . 4 
92 . 8  
56 . 3  
173 . 8  
44 . 3  
Per c ent Deviat ion 
Calculated  
from 
Obs erved Value 
2 . 1  
o . o  
-0 . 7  
- 1 . 5  
-0 . 8  
o . o  
6 . 3  
0 . 2  
- 1 . 8  
2 . 5  
6 . 8  
3 . 9  
- 4 . 6  
3 . 3  
-5 . 7  
- 6 . 6  
0 . 2  
-4 . 7  
o . o  
-1 . 0  
- 9 . 6  
- 4 . 2  
7 . 3  
3 . 0  
0 . 1 
6 . 3  
��Page numbe rs refer to  tho s e  in the Original Record of  
Res earch,  Department of  Chemi cal Engineering , Univers i ty 
o f  Tenne s s e e  
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S ince  the method of treating the dat a from t he double 
refraction measurement s invo lved two graphi cal  int egrations 
it would be expected  that any random e rror s  in the me asure ­
ment s o f  the fringe loc at i ons thems elves  would tend to b e  
average d  out and the ir  effe ct  minimi z e d . The re were s everal 
pos s ible  s ourc e s  of error , however , whi ch would no t b e  s o  
affe c t ed . The s e  are : ( a ) mi salignment o f  opti c al compon­
ent s due to the optical  bench being made in t wo s e ctions 
rathe r than one , ( b ) differenc e betwe en the temperature in­
dicated by the the rmome t e r  ups tream from t he te s t  s ec t ion 
and the ac tual tempe rature in the t es t  s ec t i on i t s e lf ,  ( c ) 
pers onal e rro rs in reading the ro tameter  or  the rmometer. and 
( d ) non-paralle l i s m  of the channel walls . The e ffect  o f  er­
rors from the s e  sourc es is  very di ffi c ult to  e s t imat e . Every 
pre caut ion was t aken t o  pre vent their  aris ing , but i t  i s  
doubtful whether any o f  them were complet e ly e liminat ed . 
Convergent and Div e rgent Flow 
Results  for flow in conve rgent and div ergent channe ls 
s imi lar to tho s e  given above for flow in s t raight channe ls , 
are pre s ent ed  in Table  VI . Agreement between calculated  and 
measured flow rates  was within a maximum deviation o f + l3 . 2 ,  
- 11 . 2  per c ent and a me an s quare deviat ion of 7 . 75 per c ent . 
It  wi ll be noted  that t he spre ad in result s for the 
TABLE VI 
AGREEMENT BETWEEN OBSERVED DISCHARGES AND THOSE 
CALCULATED FROM DOUBLE REFRACTION MEASUREMENTS 
FOR FLOW IN CONVERGENT AND DIVERGENT CHANNELS 
Dis  charge Cal- Per c ent 
culat ed from Deviat i on 
Flow Double Dis charge Calculated 
Refract ion Read from from 
Type of Measurement s Flow Me t e r  Obs erved 
�tPage Flow cu . cm./s e c . cu . cm ./s e c . Value 
130 Convergent 88 . 8  81 . 2  9 . 4 
131 Conve rgent 91 . 9  81 . 2  13 . 2  
132 Convergent 91 . 5  81 . 2  12 . 7  
133 Divergent 138 . 7  134 . 6  3 . 0  
134 Divergent 139 . 7  134 . 6  3 . 8  
135 Dive rgent 136 . 4  134 . 6  1 . 2  
137 Convergent 70 . 3  78 . 6  - 10 . 6  
138 Conv e rgent 36 . 6  33 . 6  8 . 9  
139 Convergent 63 . 6  6 1 . 6  3 . 2  
140 Convergent 128 . 8  127 . 2  1 . 3  
141 Divergent 97 . 8  9 1 . 1 6 . 9  
142 Divergent 54 . 5  56 . 4  -3 . 4  
143 D ivergent 39 . 5  44 . 5  - 11 . 2  
144 Divergent 176 . 6  173 . 8  1 . 6  
��Page numbers refer to those  in the «J'riginal Recor d  of 
Re s earch, Department of Chemi cal Engineering , Univer s i ty 
of  Tenne s s e e  
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converg ent and divergent flow c as e s  is somewhat wider  than 
that obtained for s traight parallel flow . I t i s  b elie ved  
that the wider  spread is  due to an e rror introduc ed  in meas­
uring the c onvergent and divergent flow pho tog raphs . It 
will  be re called that t he s e  measurement s we re obtained  by 
dire ct graphical extens i on of  the channe l walls to the ir 
po int of inters ect ion , s triking a c ircular arc ac ro s s  the 
channel  from this  po int as cent e r , and measuring the angle 
of int e rs e c t i on of e ach i soc linic with thi s a rc us ing a 
d raft ing machine protractor .  The lo cat ion of  the exact po int 
o f  interse ct ion of the channel walls was an extremely dif­
ficult proces s .  Slight i rregulari t i e s  in the photograph 
could move thi s  po int backward o r  forward as much a s  0 . 2  
inch . Then when measurement s  were made by l ining up the 
draft ing machine s cale between the wall  int er s e c ti on point 
and the po int of int e rsect ion of  an i s ochromat i c  with the 
circular arc , a c on s is t ent e rror could have been int ro duc ed . 
The angular values  from the draft ing machine protractor would 
all have been t o o  high o r  t o o  low according as the measured 
po int of int er s e c t ion of the walls lay nearer  t o  or  farther 
from the channe l than it s  t rue po s i t i on .  
An examination of  the int erferenc e patt e rns in a c on­
verg ent or dive rgent channe l us ing both plane and c i rcularly 
polarized  l ight as shew n in Figure 17 ., y ields s ome extremely 
interes ting re sults in support of the pre s ent analys i s . As 
a .  Plane polari zed light 
b .  C ircularly polari z e d  light 
-
Figure  17 . Flow patterns produced in  a conv e rg ing 
channel from plane and c ircularly polari zed  light at 
comparable flow rate s  
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c an be s een from Figure 17 ( b ) , the pat t e rn g iven by c ircular­
ly po lari z ed light has no z ero order i s o chromat i c  along the 
c ent er  of the channel . If the amount of  double r e fra ction 
were dependent only upon the rate o f  pure she ar , G , as  has 
been sugg e s t e d  by s ome . invest igato rs ( 9 ) ( 15 ) ( 25 ) ( 34 ) ( inc lud­
ing the author ) ,  the re would c ertain ly b e  a z e ro orde r i so­
chromat i c  along the c ente r o f  the channe l ,  fo r here the rat e  
of  pur e shear vanishe s . On the other hand , the rate  o f  di­
lation , D ,  doe s  not vanish and henc e the tot al  rate  o f  
de format ion , E ,  i s  not z ero . There fo re , the non- appearance  
o f  the z ero order i s ochromat i c  t ends t o  support the conc lu­
s ion that the amount of double re frac t ion is  a func tion o f  
the t o t a l  rat e o f  de formation , E ( or the maximum shear s tres s , 
T ) ,  for the doubly refract ing liquids e mployed in the pre s ­
ent s tudy , vi z . , mi lling ye llow dye s o lutions . 
Figure 17 ( a )  made in plane polarized  light do es  show 
a dark band along the center  line of the channe l .  This might 
lead one t o  suppo s e  that i t  is , inde ed ,  a z ero order i s o ­
chromat i c . H owever , s inc e the iso chromat i c  mus t  appe ar in 
ci rcularly polar i z ed light as well  as in plane po lar i z e d  
light , one must  conc lude tha t thi s  band i s  an i s o c lini c . 
Re calling e quat ion { 15 )  
e ( 15 )  
and not ing that G v an i she s at  the c ent e r  of the conve rgent 
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channel whi le D doe s  not 9 we s e e  that here 
e = cp + 7r 4 ( 30 )  
with the s ign det e rmined by whether the rate o f  shear ap-
proaches  z ero from above or be low the c ent er  l ine of the 
channel . Equat ion { 30 )  s tate s  that the pl ane o f  maximum 
shear s t re s s  makes  an angle of forty- five degre e s  with the 
ho rizontal s t reamline s at the c ente r  o f  the c onve rgent and 
divergent channels . The total maximum r at e  of deformation is  
quite  low 9 howeve r ,  and the extinct ion angle is  app roximat ely 
forty- five degre e s . Hence the optic axi s  of t he fluid make s 
an angle o f  z ero or  ninety degree s  with the v ert ical plane o f  
po lariz�t ion o f  the inc ident light , and an i s o c lini c appears 
along the channe l c ent e r  line . Now c ons i der  what would occur 
if the opt ical  orientat ion of the doubly re fracting liquid 
were det e rmined by the s t reamline s .  The ho ri zontal s tream-
line make s an angle o f  ninety degre e s  with the vertical  plane 
of polari zat i on of the inc ident light 9 the ext inct ion angle 
i s  forty-five degre e s 9 and henc e the opt ic  axis  would be 
ori ented at forty-five degrees  t o  the light pola ri zat ion . 
Hence no i s o c linic wo uld appear.  Since the i s o clinic doe s  
appear , i t  may b e  conc luded  that  the opti cal o rientat ion of 
the doubly refrac t ing milling yellow solut ions i s  det e rmined 
by the d i re ct ion of  th e maximum shear stre s s  ( or rate o f  
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deformation ) rather than by the s t reamline dire ction . 
Flow about a Cylindrical  Obs tacle 
Becaus e o f  the la ck of  an adequate  me thod of checking 
re sult s , it  i s  di fficult to  a s s e ss the validity o f  the s tream­
line pat t e rns developed about the cylindrical obs tacle . The 
pat t e rn as  shown in Figure 16 s atis fie s  one ' s intuit ive no ­
t ion as  to what s uch a flow should look like . The wider s ep­
aration of the s treamlines on the downs t re am s ide s ugge s t s  
the exi s t ence  o f  a stable pair of  vortexes dire ctly behind 
the cylinder .  In order t o  demonst rate the s e  from flow double 
refract ion measurements ,  it  would · b e  ne c e s sary to refine the 
c oordinate grid c ons ide rably , near the cylinder . Unfortun­
ately , the i s ochromat i c  patt e rns are quit e  faint and distorted 
in this region , and it  i s  doubt ful that any cons i s tent re­
s ult s c ould b e  obtai�ed even if the grid  were refined .  
In order t o  obtain any pr ec i s e  indicat ion of flow next 
to an obstacle of this na ture it wi ll probably be nece s sary 
to modify the details of  channel const ruction s omewhat . As 
pointed  out by Frocht ( 13 )  for the ca s e  of pho t oe lasti c  sol­
ids , the p roduc t ion of sharp ac curate double refracti on pat ­
terns next to s ol id boundaries  requires  that all c o rne rs be  
s quare and surface s  parallel within ve ry close  t oleranc es . 
In spite  o f  extreme care exerci s ed in c ons t ruction of  the 
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Plexig las channels  it is doubtful that  the r e quired t oler­
anc e s  c ould b e  att ained and the re was no way to check  on this 
int ernal ly aft e r  the channe l  had b e en as s embled . Ano ther dif­
ficulty a ro s e  in the fixing of the cyl indri c al obs tacle  in 
the channel i t s e lf .  In order to p revent leaks a rather t ight 
fit was require d , and some small amounts  of  res idual s tre s s  
were s et up i n  the Plexig las about the cylinde r mount . S inc e 
Plexig las i s , i t s e l f , doub ly refract ing when s t re s s e d ,  thi s  
result ed i n  furthe r dis tortion of  the interference pat te rn 
in the immediate vi cinity o f  the cylinder . 
In addi ti on t o  the s e  source s  of error the i s oc linic 
patterns we re somewhat diffus e ,  and it  was di ffi cult to lo­
cate ac cura t e ly the c ent e r  line of a given i s oc lini c curve 
for t rac ing ( s e e  Figure 16 ) .  Thi s  may , again , have been due 
i n  part to non-paralle lism of the c hanne l wa lls or to a 
s light mi s alignment of the opt ical component s .  
In v i ew of  the s e  di ff i culties , i t  i s  ra the r encourag ­
ing to not e the fairly c lo s e  ag reement in  s t ream funct ion 
value s at the me et ing-po int fo r c al culat ions s t art ed ups t ream 
and downs t re am from the cylinde r ( s e e  Figure 15 ) .  The ag�ee ­
ment within two per c ent o f  the drag c o e ffic i ents  calculat ed 
from flow double re fract ion and the theoret i c a l  formula of  
Bairs tow ( 3 )  i s  also  encourag ing , a lthough there is  con s ide r­
able unc e rtainty as t o  t he e ffe ct produc ed  by us ing Bairstow ' s  
formula a t  a Reyno lds number  o f  3 . 81 whi ch i s  cons i derably 
higher than the maximum value of 0 . 1  for whi ch it  was de­
r ived . 
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I t i s  hoped that eventually a mo re a c curate che ck  on 
the s e  resul ts c an be made by det e rmining the s treamline pat­
t e rns for flow about a cy lindrical  obstacle  by s ome method 
other than from flow double re frac tion  me asurement s .  Direct  
in j e c t ion o f  a dark co lored dye , or a s tream of t iny air  bub­
bles  would enable one to t race  out the s tre aml in e pattern and 
compare it with tha t  obtained in the pre s ent wo rk as shown in 
Figure 16 . 
Re commend ed Improvements  
In v i ew of  the s ources  of  e rror ment i oned  above , it  
i s  rec ommended that a numbe r  of improvements  and modi fi c a­
tions  be  made on the exper imental sy s t em de s c ri bed in  the 
pres ent wo rk be fore further wo rk of  a s imi lar nature i s  un­
dert aken . The channe l de s ign should be modifi e d  t o  e limin­
at e in s o  far as pos s ible , all non- s quare c orners , non­
para llel  wal ls , and res idual stre s s e s  in the walls . Thi s 
may require abandonment o f  Plexig las as the sole  material of 
con s t ruc tion for the channe ls . Converg ing and diverg ing 
flow s e ct ions should be provided with re ferenc e marks s o  that 
the point o f  inters e c t ion of the non-parallel  channe l  walls 
can be determined in advanc e and a ppear in the flow phot ograph 
i t s e lf o  A method sh ould be provided for po s i t ive  alignment 
of the optical  component s o  
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In addi t ion t o  thos e ment ioned above , changes  in  the 
overall flow fac i lity can be re commended which would mat e ri ­
ally increa s e  the c onvenience of  making flow doub le re frac­
t ion measurements e The fluid c i rculat ion sys t em should be  
modified to  e liminate  brass  and coppe r mat e ri als in  contact 
with the dye s o lution , and allow the dye to  come in contact  
with only g las s , plas t i c , or  stai nle s s  s t e e l e It  i s  believed 
that this would s top  the rapid darkening and c louding of  the 
s o lut ion that o c curred in the flow fac i l i ty and n e c e s s itated  
the laborious pre parat ion of 20-gal lon bat che s of  dye at  
three -week int ervals o This  aging e ffe c t  i s  not obs erved 
when s o lut ions  are s tored in glas s cont aine rs , even over long 
periods of  t ime e It would b e  he lpful in maint aining a c lo s e  
temperature cont rol if  a smaller pump could b e  employed o  For 
the pres ent s tudi e s , a maximum flow of five or s ix gallons 
per minut e was more than ade quat e  in contra s t  with the thirty 
or forty available ; and the addi ti onal pump c apac i ty acted  
as a heater , overlo ading the refrigerat ion c apac ity of the 
cons t ant temperature bath e A diaphragm or ne edle valve by­
pas s arrangement to permit c lo ser  flow c ont ro l  would also  be 
de s i rable e 
Parallel  and Future Inve s t igati ons 
In s pi te of the encouraging expe rimental re sult s , a 
complet e j us t ification of  the pre s ent te chni ques re quires  a 
sound theoreti cal bas is  whi ch is  unavai lable  at pres ent . 
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, Such a bas is  could only be provided by an understand ing o f  
the micro s copi c me chanisms re spons ible for the flow double  
refract ion of a que ous mi lling ye llow s o lut ions . This me ch­
ani sm could then b e  analyzed together wi'th the forces  ar is ing 
from flow to y i e ld theoret ical relat ionships be twe en the 
amount of  double re frac ti on , ext inction angle , and r ate  o f  
deformation i n  the liquid . 
Inves tigat ions on the vis cous and thermal propert ies  
o f  aque ous mi lling ye llow so lut ions  are now in progres s  and 
it is expe c t e d  that the s e  wi ll  be cont inue d .  It is hoped 
that further inve s ti gations  us ing an elec tron micro s c ope may 
be combined with the s e  t o  yield information on the mic ros copic 
nature o f  the s e  s o lut ion s , for us e as  a s tart ing po int in a 
future theore t i cal  inve st igation . 
CHAPTER VII 
CONCLUS IONS AND RECOMMENDATIONS 
From the re sult s of the inve s t igat ion , the following 
conclus ions may be d rawn . 
a .  The expe riment al quant i t i e s  furni shed by the flow 
doub le refrac t i on t e chni que , vi z . , magnitude and dire c tion o f  
maximum shearing s t re s s  throughout the field of flow , may b e  
analyzed  to yield the s t reamline s and veloc ity dis t ribut ion 
in a two- dimens ional laminar flow s i tuat ion . 
b .  The re sult s of  such analys es  are quant itat ively 
ac curat e within plus or  minus ten per c ent for flow with 
s traight , parallel  s t re amline s ,  and within plus or minus 
fift een  per  c ent for flow with s t raight , non-pa rallel  
s t re amline s o 
c .  Quant itat ive re sults may b e  obtaine d  for a general 
two -dimens i onal flow s i tuat ion invo lving ne ither st ra ight nor 
parallel  s t reamline s .  Abso lut e de terminat ion of the limits  
of erro r  on the s e  r e sults wi ll  require further experiment al 
effort . 
I t  is  there fore fe lt that thi s t e chni que will  b e  of 
re al  us e in the analy s i s  of  complex laminar flow s ituat ions 
which c an b e  idealized  to two dimens ions . The t e chni que 
should be e s pec ially valuable in thos e s i tuat ions whe re a 
me asuring probe is unde s irable , as in the na rrow laminar 
boundary layers formed next to s o l id ob j e c t s  in a turbulent 
s t ream . 
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Many refinements in expe rimental t e chnique a re pos ­
s ib le whi ch will  doubt le s s  imp rove the degrees  of  ac curacy 
ment ioned above . I t is re commended that expe rimental wo rk 
be continued to develop such re finements . I t is a lso recom­
mended that further theoret ical inv e s t igat ions b e  unde rtaken 
on the mi cros copic  me chanisms responsible  fo r flow double 
refract ion in mi lling yellow s o lut ions . Such inv e s t igations 
would provide a s ounde r bas is for the te chniques of analys i s  
employed .  
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APPENDIXES 
APPENDIX A 
THE SHEA RING STRESS IN A VISCOUS FLUID IN  
TERMS OF  VELOC ITY SPACE .DERIVATIVES 
Cons ider a s quare element in a plane cont inuum, sub-
j e c t ed to a g eneralized two-dimens ional s tre s s  sys t em and 
o rient ed  paralle l  to a pair of  x ,  y coordinate axe s . Such 
an element is s hown in Figure 18 be low o 
y 
L-----------------------------------------� x 
Figure l8 o Square e lement o f  a cont inuum , sub j e cted  
t o  a general i z ed two-dimens ional stre s s  sys t em 
The shear  s tres s  a c t ing on a plane of unit  leng th incl ined 
at an ang l e  of � to  the hor i z ontal in such an e lement may 
be obtained by a forc e  balanc e on the e lement . ( Se e  Frocht 
98 
( 13 )  or a s t re ngth of mat erials text for deta ils . )  
where 
= ( 30 )  
T� = she ar ing s tre s s  acting on plane inc lined at 
ang le � to  the horizontal  
= normal s t re s s  on e lement in x dire ction 
normal s t res s on e lement in y dire ct ion 
Txy 
= 
shear s tre s s  act ing in x dir e c t ion on e lement 
s i de fac ing y dire c t ion 
It may b e  remarked t ha t  the enti re stress  sys t em shown in 
Figure 18 i s  c ons idered  as pos itive in s ign Q From the Navier-
Stoke s deve lopment of  s hear and normal s t re s s es in t e rms o f  
veloc ity component derivat ives 9 o n e  may obtain expre s s ions 
for �X ' �Y ' 
and Txy o Thes e  may be found in many refer­
enc e s  on fluid mechanic s 9 such as th�t by Streeter  ( 29 )  and 
a re pre s ented  b e low for the case of two-dimens ional , incom-
pre s s ible flow o 
�X = - p  - 2 fL 
a u ( 31 )  Ox 
O"y = -p  - 2 fL a v ( 32 ) O"Y 
d u + Ov 
Txy 
:: fL (Ty Tx) ( 20 ) 
where 
p = hydrostatic  pres sure in fluid 
fL = fluid vis c o s i ty 
u = fluid velocity component in X dire c tion 
v = fluid veloc ity component in y direc tion 
Subs ti tution of equat ions ( 31)� ( 32 )  � and ( 20 )  into equat ion 
( 30 )  yields the f o llowing expre s s ion : 
= ( iJv fL iJy 
iJu ) s in 2 �  
ox 
+ ( 
iJ u + iJv ) c o s  2 � fL ay  Ox "' 
99 
( 1 )  
whi ch provides  the d es ired relationship betwe en the shea� ing 
stres s act ing in a s pe c ified dire c t ion in a moving vis cous 
liquid , and the s pace  de rivat ive s of the x and y velo c ity 
component s o  Equat ion ( 1 )  i s  the s tart ing point for the 
mathematical  cons iderat ions o f  Chapt e r  I I o 
APPENDIX B 
T RANSFORMATION OF DEFORMATION COMPONENTS 
FROM CARTESIAN TO STREAM COORDINATES 
The trans format ion of  equation ( 1 )  from re ctangular 
Cartes ian coordinate s  to s t ream coordinat e s  re quires  the 
t rans formati on of the velocity component de rivat ive s :  
ou ,  
Ox 




and o v 
Ox 
To do s o  one mus t  fir$ t write  the t rans format ion e quat ions 
between the two coordinat e sys tems . The s e  equat ions may be  
obtained graphically from Figure 19 below . 
y 
a o  Coo rdinate 
relat ionships 
� v 
b .  Velo c i ty 
component 
re lat i onships 
Figure 19 . Re lat ions hips between coordinat e s  and 
veloc ity c omponents for Cartes ian and s t ream c oordinat es  
Thes e  trans formation relations are : 
where 
s = X C O S "' + y s in cp 
n = -x s in cp + y cos  cp 
u = v cos  cp 
v = v s in cp 
cp = angle made by s treamline with the hori zontal 
s = dis tanc e along a s t reamline 
n = d i s t ance along a curve normal to  a s e t  of  
s tre amline s 
V = veloc i ty al ong a streamline 
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( 33a ) 
( 33b ) 
( 34a ) 
( 34b ) 
Now if f i s  a funct ion  of  s and n ,  which are in turn func-
t ions o f  x and y ( all funct ions be ing c ontinuous with cont in-
uous firs t de rivatives )  one may wri te that 
df = af  d s  + af dn Os • on . ( 35 )  
o f  of . O S + o f  0 O n  
Ox = Os ox On ox ( 36a ) 
o f  
= of Os + of On Oy (fS . Oy on • ---oy ( 36b ) 
where 
f = f ( s , n )  
102 
If the de ri vatives  of s and n with re s pect  to x and y 
are calculated  from equations ( 33a ) and ( 33b ) , these  rela-
t ions b e c ome 
of 
Ox = coscp  s� - s ine/>  s; 
s in cp  s� + co s c/> �; 
( 37 a )  
( 37b ) 
Now one may subs t itute for the x and y velo c ity component s in 
the de s ire d  expre s s ion  with the following re sult s o 
= 
= 
O(V s in cp )  
oy -
v cos  c/> M + a y  
o ( V  c o s cp)  
ax 
s in c/> g; 
+ V s in cp �t - cos  </> §� ( 38 )  
Us e i s  now made of  ( 37a ) and ( 37b ) with V = f and c/> = f ,  
and it  i s  s een that 
= V co s  cp [ s incp �t + cos¢ �t] 
+ s in ¢ [s in ¢  ov + cos ¢ . avl O S  Onj 
+ V s in </> [co s¢ � - s in </>  �t] 
- cos cp (cos ¢ i� . - s in¢ s� ] ( 39 ) 
After terms are c ollect ed and the trigonometric  double angle-
103 
identit i e s  applied , the re sult , 
�; - �� - s in 2 cp [ �� + V �t J - cos  2 cp [ �� - V �t] ( 40 }i 
i s  obtained . 
o v 
ox ' 
A s imilar techni que i s  now applied  t o  the t e rms 
to yield 
a u + a v 
Oy Ox 
- a ( v cas e/> ) + - oy 
= -v s in cp � 
o ( v s in cp ) iJx 
+ cos  cp iJV iJy  
+ V cos  cp 4x + s in cp iJ V  Ox 
Again us e i s  made of  e quations ( 37a ) and ( 37b ) and 
ou + o v = oy Ox -v s in ¢ [s in ¢ -M + co s  ¢ �t] 
+ COS ¢ (s in ¢ �� + COS  cp s�] 
+ V cos  cp [cos  cp -# - s in ¢ � t] 
o u 
o y , 
( 41 )  
+ s in cp [cos  ¢ g� - s in cp � � J ( 4 2 ) 
i s  obtained . The co lle ction of terms and applicat ion o f  the 
double angle ident i t ies  re sults in : 
104 
s� + �� = c o s  2 cp [ s� + v �t] +s in 2 cp [ �� - v st] ( 43 ) 
Equations ( 40) and ( 43 )  provide the t rans formed result s de ­
s ired .  They are used in the formulat ion o f  e quat ion ( 3 ) , 
Chapt er  I I . 
APPENDIX C 
EXPERIMENTAL DATA 
The fo llowing table s show the data taken at  the t ime 
the flow photographs were made , and the locat ions of the 
i s o chromat i c  and i s o clinic fringes  in . the channels o Page 
numbers re fer to  the Original Record o f  Res earch , Department 
of Chemical Eng ineering , Univers ity of Tenne s s e e o The page 
numbe r g iven under "Data Reference "  refers to the page on 
whi ch the data , taken at the time the pho tog raphs were made , 
were orig inally re corde d o  The page number given under " Cal­
culat ion Reference"  re fers to the page on which measurement s 
taken from the photog raphs and calculations a re  re corde d o  
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EXPERIMENTAL DATA REC ORDED WHILE PHOTOG.RAPHING 
ISOCHROMATIC PATTERNS 
Measured Measured 
Data  Calculation T e s t  ·Temperature · Flow Rat e  
Referenc e Referenc e So l 1 n  o c cu . cm./s e c . 
1029B 115 T-7 24 o BO 155 o '7  
1029B 116 T -7 24 . 95 23 o 2  
1029B 117 T-7 34 . 95 116 . 7  
10297 llB T�7 25 o 00 144 . 4  
1029'7 119 T-'7 24 o BO 143 . 3  
1029B 120 T-7 25 o 00 lB . l  
10299 121 T=7 24 o 90 4B o 0  
1029B 122 � 140 T-7  24 o BO 12'7 o 2  
1029B 123 � 143 T -7  24 . 95 44 o 2  
1029B 124 9 133- 135 T-7  24 o B5 134 o 6 
1029B 125 T-'7  24 o 95 55 . B  
10297 126 9 130- 132 T-7  24 o 90 Bl . 2  
1029B 129 T-7  24 o 90 77 . 9  
1029B 136 9 137 T-7 24 o 90 '?B o B  
1029'7 13B ·T-7 24 � 90 33 o 6  
1029B 139 T-7 24 a 90 6 l o 6  
1029B 141 T-7  24 a BO 91 . 1  
1029B 142 T-7 24 o 90 5 0 o 4  
1029B 144 T-7 24 a BO 1'73 o B  
2201B 157-163 T-B  25 o 00 44 . 3  
10297 145 T-7 24 . 90 63 . 0  
10297 146 T -7  24 . 90 33 . 5  






































TABLE VII  ( cont i nued ) 
EXPERIMENTAL DATA RECORDED WHI LE  PHOTOGRAPHING 
ISOCHROMATIC PATTERNS 
Measured  Measured 
Data Calcula t ion_ T e s t  Temp erature  Flow Rate 
Referen c e  Referenc e  Sol ' n  oc cu . cm .[s e c . 
10298 148 T-7 24 o 95 38 . 2  
10298 149 T-7  25 o 00 27 . 0  
10298 150 T-7  25 o 00 30 . 8  
10298 151 T-7 2 4 . 90 6 1 . 5  
10298 152 T-7 24 . 90 35 . 4  
10298 153 T-7 24 . 80 9 2 . 8  
10298 154 T-7  24 . 90 5 6 . 3  
10298 155 T-7 24 . 80 1'73 . 8  
Type 
Channe l 
Conv e rg ing 
Conve rg ing 
C o nve rg ing 
Conv erging 
C o nv e rging 
D iverg ing 
Diverging 
Diverg ing 
TABLE VIII  
EXPERIMENTAL DATA RECORDED WHILE PHOTOGRAPHING 
ISOCLINIC PATTERNS�t 
108 
Measured Measured I s oc linic  
Pho tograph Dat a T emperature Flow Rat e  Ang le 
Designation Reference oc cu . cm ./s e c . degre e s  
18- 19 2 2018 25 . 00 4 4 . 3  0 
18- 20 2 2018 25 . 05 44 . 3  15 
18- 21 22018 24 . 95 44 . 3  30 
18- 22 22018 24 . 95 44 . 3  45 
18-23 22018 2 4 . 95 44 . 3  60 
18-24  22018 25 . 00 44 . 3  75  
18- 25 22018 25 . 00 4 4 . 3  90 
18-26 22018 25 . 00 44 . 3  15 
*Tes t s o lut ion T-8  us e d  in all case s .  
Photograph 






































MEASURED POSITIONS OF IS�CHROMATIC 
FRINGES IN ST � IGHT CHANNELS 
V ert i cal D i s t ance  
109 
Cal culat i on I s ochromatic  from Channe l Bot tom 
Referenc e Order em.  
115 6 0 . 177 
115 5 0 . 360  
115 4 0 . 5 40 
115 3 0 . 724 
115 2 0 . 910 
115 1 1 . 092  
115 0 1 . 276  
115 1 1 . 468 
115 2 1 . 647 
115 3 1 . 826 
115 4 2 . 005 
115  5 2 . 184 
115 6 2 . 360 
116 3 o .  136 
116 2 0 . 300 
116 1 0 . 46 6  
1 1 6  0 0 . 6 20 
116 1 0 . 782 
116 2 0 . 944  
116 3 1 . 104 
117 4 0 . 216 
117 3 0 . 482 
117 2 0 . 738 
117 1 1 . 001 
117 0 1 . 273 
117 1 1 . 5 40 
117 2 1 . 803 
117 3 2 . 059  
117  4 2 . 323 
118 5 0 . 13 5  
118 4 0 . 370 
118 3 0 . 589 
118 2 0 . 8 17 
118 1 1 . 042 
118 0 1 . 274 
118 1 1 . 506 
Pho tograph 





































TABLE IX ( c ont inued ) 
MEASURED POSITIONS OF ISOCHROMATIC 
FRINGES IN STRAIGHT CHANNELS 
Vert i ca l  D i s tance  
110 
Calculation Is ochromatic  from Channel Bot tom 
Reference  Order cm o  
118 2 1 .. 735' 
118 3 1 .. 955  
118 4 2 o l77 
118 5 2 o 406 
119  5 0 .. 25 2 
119  4 O o 452  
119 3 O o 653 
119 2 O o 855 
119 1 1 .. 059  
119 0 1 .. 268 
119 1 l o 472 
119 2 1 . 682  
119 3 1 o 883 
119 4 2 .. 085 
119 5 2 . 28 7  
120 2 0 . 188  
120 1 0 . 404 
120 0 0 . 618 
120 1 O o 83 2  
120 2 l o 054 
121 2 0 . 100 
121 1 O o 652 
121 0 1 .. 273 
121 1 1 . 89 4  
121 2 2 o 446  
122 5 O o 134 
12 2 4 0 . 355 
12 2 3 O o 584 
122 2 O o 8 15 
12 2 1 1 . 049 
122 0 1 . 273 
122 1 1 .. 501 
122 2 1 .. 741 
122 3 1 . 960  
1 22 4 2 .. 184 
122 5 2 . 403 
Pho tograph 





































TABLE IX ( conti nue d )  
MEASURED POS ITIONS OF ISOCHROMATIC 
FRINGES IN STRA IGHT CHANNELS 
Vert ical  D i s tance  
111 
Ca1 cu1a t ion I s ochromatic  from ChannB l Bottom 
Refe renc e Order em.  
123 6 0 .. 102 
123 5 0 ., 186 
123 4 0 .. 274 
1 23 3 0 . 362  
123  2 0 . 452  
123 1 0 . 539 
123 0 0 .. 6 25 
123 1 0 . 713 
123 2 0 . 799  
123 3 0 . 885  
123 4 0 . 974  
123 5 1 .. 062  
123 6 1 . 148 
124  5 0 . 179 
124 4 0 .. 414 
124 3 0 .. 643 
124 2 0 ., 858 
124 1 1 .. 072 
124 0 1 . 273 
124 1.  1 . 481 
124 2 1 .. 689 
124 3 1 . 907 
124 4 2 . 128 
124  5 2 .. 367 
125 2 0 . 229 
125 1 0 . 729 
125 0 1 . 273 
125 1 1 . 809 
125 2 2 . 323 
126 3 0 .. 197 
126 2 0 .. 564  
126 1 0 .. 913 
1 26 0 1 . 270 
126 1 1 .. 623  
126  2 1 .. 968  
126  3 2 . 346 
Pho tograph 





































TABLE IX ( cont inue d )  
MEASURED P�SITIONS OF ISOCHROMATIC 
FRINGES IN STRAIGHT CHANNELS 
Vert i c a l  Dis tan c e  
112 
Cal cula tion I s ochromat i c  from Channel Bo ttom 
Re fe rence  Order em.  
129  2 0 . 4 43 
12 9 1 0 . 853 
129 0 1 ., 273 
129 1 1 . 694  
129 2 2 . 101  
136 3 O o l49 
136 2 0 . 524 
136 1 0 . 909 
136 0 1 . 273 
136 1 1 . 639 
136 2 2 . 032 
136 3 2 . 398 
145 8 0 . 119  
145 7 0 . 182 
145 6 0 . 246 
145 5 0 . 308 
145 4 0 . 36 9  
145 3 0 . 435 
145 2 0 . 496 
145 1 0 . 559  
145  0 0 . 6 25 
145 1 0 . 688 
145 2 0 . 752  
14 5 3 0 . 811  
145 4 0 . 875 
145 5 0 . 937 
145 6 1 . 000 
145 7 1 . 06 2  
145 8 1 . 135 
146  4 0 . 159  
14 6 3 0 . 272 
146 2 0 . 390  
146  1 0 . 506 
146 0 0 . 6 25 
146 1 0 . 746  
14 6 2 0 .8 6 1  
Pho t og raph 
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TABLE I X  ( cont inued ) 
MEASURED POSITIONS OF I SOCHROMA TIC 
FRINGES IN STRAIGHT CHANNELS 
Ve rt i c al Dis tance  
113 
Calculat ion I s o chromat i c  from Channe l  Bo ttom 
Referenc e Order em .  
146 3 0 . 978  
146 4 1 . 09 1  
147 6 0 . 19 2  
147 5 0 . 36 9  
147 4 0 . 5 47 
147 3 0 . 731  
147  2 0 . 910 
147 1 1 . 090 
147 0 1 . 273 
147 1 1 . 454  
147 2 1 . 636 
147 3 1 . 818 
147 4 1 . 99 9  
147 5 2- . 172 
147 6 2 . 341 
148 5 0 . 110 
148 4 0 . 212 
148 3 0 . 317 
148 2 0 . 420 
148 1 0 . 5 21 
14 8 0 0 . 625  
148 1 0 . 727 
148 2 0 . 832  
148 3 0 . 935  
148 4 1 . 0 40 
148 5 1 . 141 
149 3 0 . 193 
149 2 0 . 338 
149 1 0 ., 484 
149 0 0 . 6 25 
149 1 0 . 769 
1 49 2 0 . 911  
149 3 1 . 057  
15 0 4 0 . 120 
150 3 0 . 241 
150 2 0 . 36 6  
Pho tograph 





































TABLE IX ( c ont inue d ) 
MEASURED POSITIONS OF ISOCHROMATIC 
FRINGES IN STRAIGHT CHANNELS 
Ver t i c a l  Distan c e  
114 
Calculat ion I s o chrorna t i c  from Channel Bot tom 
Reference  Order em.  
150 1 0 . 498 
150 0 0 . 625 
150 l O o 75 5  
150 2 0 .. 878 
150 3 1 . 006  
150 4 1 . 132  
151  8 0 .. 089 
151 7 0 . 152 
151  6 0 . 223 
151 5 0 . 28 9  
15 1 4 0 .. 352  
151  3 0 . 424 
151  2 0 . 495  
151  1 0 . 557 
151 0 0 . 625 
15 1 1 0 .. 692  
151  2 0 . 760  
151  3 0 . 8 28 
151 4 0 . 894  
151  5 0 . 963 
151  6 1 . 030 
15 1 7 1 . 096  
151  8 1 . 180 
152 5 0 . 094  
15 2 4 0 . 186 
152  3 0 . 300 
152  2 0 . 41 2  
15 2 1 0 . 519  
15 2 0 0 . 6 25 
152  1 0 . 731 
152  2 0 . 838 
152  3 0 . 950  
152  4 1 . 05 1  
152  5 1 . 161  
153  4 0 . 109  







































TABLE IX ( continue d ) 
MEASURED POSITIONS OF ISOCHROMAT IC  
FRINGES IN  STRAIGHT CHANNELS 
Verti cal D i s tanc e 
115 
,Calcula tion I so  chroma tic  from Channel Bot tom 
Refer ence Order em .. 
153 2 0 . 706 
15 3 1 0 . 991  
153  0 1 . 273 
15 3 1 1 .. 558 
15 3 2 1 . 853 
153 3 2 . 139 
15 3 4 2 . 430 
15 4 8 0 .. 073 
15 4 7 0 . 141 
15 4 6 0 . 215 
154 5 0 . 279  
15 4 4 0 . 347 
154 3 0 . 418 
15 4 2 0 . 486  
154  1 O o 5 54 
154  0 0 . 625  
154  1 0 .. 696  
154 2 0 .. 763  
154 3 0 .. 828 
154 4 0 .. 907 
15 4 5 0 . 967 
15 4 6 1 .. 038 
154 7 1 o ll2 
15 4 8 1 . 173 
155 6 0 . 245  
155  5 0 . 449 
155 4 0 . 632 
15 5 3 0 .. 8 08 
155 2 0 . 97 1  
15 5 1 1 . 129 
155 0 1 . 273 
155  1 1 o 419 
155 2 1 . 574  
155  3 1 . 732  
155  4 1 . 909 
155 5 2 . 100 
116 
TABLE IX ( continue d )  
MEASURED POS ITI ONS OF . ISOCHROMATIC 
FRINGES I N  STRAIGHT CHANNELS 
Pho tograph Calculation I so chromat ic  
De s ignation Re ferenc e Order 
98Bl8 155 6 
18-3a 157 2 
18-3a 157 1 
18-3a 157 0 
18-3a 157 1 
18-3a 157 2 
Ve rt ical  Di s tanc e 
from Channe l Bottom 
em.  
2 o 295  
O o 393 
0 . 816 
1 . 273 
1 . 726 
2 . 160  
TABLE X 
MEASURED POSITI0NS OF ISOCHROMATIC  FRINGES 
IN CONVERGING CHANNELS 
117 
Dis tanc e from ,Radius of 
I s o chro - Cent e r  a long C ircular 
Pho tograph Calculation mati c  C ircula r Arc-tr Arc  
De signation Re ferenc e Order em.  em.  
97Bl4 130 5 - 1  .. 132 10 . 97 
97Bl4 130 4 -0  .. 935 10 .. 97 
97Bl4 130 3 -0 .. 769  10 . 97 
97Bl4 130 2 - 0  .. 5 6 5  10 .. 9 7  
97Bl4 130 1 -0  .. 284 10 . 97 
97Bl4 130 1 0 .. 28 4 10 .. 97 
97Bl4 130 2 0 .. 561 10 . 97 
97Bl4 130 3 0 .. 769  10 .. 97 
97Bl4 130 4 0 .. 938 10 .. 97 
97Bl4 130 5 1 .. 132 10 . 97 
97Bl4 131 6 - 1  .. 033 10 .. 00 
97Bl4 131 5 -0  .. 838 10 .. 00 
97Bl4 131 4 -0 .. 722  10  .. 00 
97Bl4 131 3 -0 . 585 10 . 00 
97Bl4 131 2 -0  .. 419 10 . 00 
97Bl4 131 1 -0  .. 204 10 . 00 
97Bl4 131 1 0 .. 204 10 .. 00 
97Bl4 131 2 0 .. 416 10 .. 00 
97Bl4 131 3 0 ., 59 1  10 . 00 
97Bl4 131 4 0 .. 722  10  .. 00  
97Bl4 131 5 0 . 838 10 .. 00 
97Bl4 131 6 1 .. 033 10 .. 00 
97Bl4 132 8 -0 . 868 8 .. 40 
97Bl4 132 7 -0  .. 706 8 .. 40 
97Bl4 132 6 -0 .. 638 8 .. 40 
97Bl4 132 5 -0 .. 650  8 . 40 
97Bl4 132 4 -0 .. 477 8 . 40 
97Bl4 132 3 -0  .. 374 8 .. 40 
97Bl4 13 2 2 -0 .. 259  8 . 40 
97Bl4 132 1 - 0  .. 108 8 .. 40 
97Bl4 132 1 0 . 112 8 .. 40  
97Bl4 132 2 0 .. 257 8 .. 40 
97Bl4 132 3 0 ., 376  8 .. 40  
*Po s i t ive  dis tanc e s  are above c enter line , negat iv e di s -
tances , be low .  
Pho tog raph 
TABLE X ( c onti nued ) 
MEASURED POSITIONS OF IS OCHROMATI C  FRINGES 
IN CONVERGING CHANNELS 
Dis tance  from Radius 
118 
of  
I so chro- Cent er along C ircular 
Calcula tion mat i c  Ci rcular Arc Arc 
Designation Re ferenc e Order em . em. 
97Bl4 132 4 0 . 47 4  8 . 40 
97Bl4 132 5 0 . 56 2  8 . 40 
97Bl4 132 6 0 . 638 8 . 40 
97Bl4 132 7 0 . 709 8 . 40 
97Bl4 132 8 0 . 868 8 . 40 
98T7 137 7 - 0 . 858 8 . 34 
98T7 137 6 - 0 . 752  8 . 34 
98T7 137 5 -0 . 6 5 7  8 . 34 
98T7 137 4 -0 . 572  8 . 34 
98T7 137 3 -0 . 473 8 . 34 
98T7 137 2 -0 . 330 8 . 34 
98T7 137 1 - 0 . 153 8 . 34 
98T7 137 1 0 . 138 8 . 34 
98T7 137 2 0 . 306 8 . 34 
98T7 137 3 0 . 449 8 . 34 
98T7 137 4 0 . 560  8 . 3 4 
98T7 137 5 0 . 660  8 . 34 
98T7 137 6 0 . 752  8 . 34 
98T7 137 7 0 . 858 8 . 34 
97B16 138 4 -0 . 776 7 . 54 
97B16 138 3 -0 . 555  7 . 5 4 
97B16 138 2 -0 . 39 5  7 . 5 4 
97B16 138 1 -0 . 197 7 . 54 
97Bl6 138 1 0 . 195 7 . 5 4 
97B16 138 2 0 . 392  7 . 54 
97B16 138 3 O o 55 5  7 . 54 
97Bl6 138 4 0 . 776 7 . 5 4 
98T17 139 6 -0 . 863  8 . 38 
98T17 139 5 -O o 726  8 . 38 
98T17 139 4 - 0 . 607 8 . 38 
98T17 139 3 -0  0 480 8 . 38 
98T17 139 2 -0 . 344 8 . 38 
98T17 139 1 -0 . 15 4  8 . 38 
98T17 139 1 0 . 16 1  8 . 38 
98T17 139 2 0 . 332 8 . 38 
Photog raph 
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TABLE X ( continued ) 
MEASURED POSITIONS OF IS OCHROMATI C  FRINGES 
IN CONVERGING CHANNELS 
Dis tanc e from Radius of  
I sochro- Cent er a long C ircular 
Ca lculation mat ic  Ci rcular Arc Arc 
Des ignation Re ferenc e Order em .  em .  
98Tl7 139 3 O o 483 8 . 38 
98Tl7 139 4 0 .. 6 09 8 .. 38 
98Tl7 139 5 0 .. 726  8 . 38 
98Tl7 139 6 0 . 86 3  8 . 38 
98Tl4 140 8 - 1  .. 100 10 .. 68 
98Tl4 140 7 -0 . 941  10 . 68 
98Tl4 140 6 -0 . 857 10 .. 68 
98Tl4 140 5 -0 .. 767 10 . 68 
98Tl4 140 4 -0 .. 6 6 2  10 . 68 
98T14 140 3 -0 . 534 10 .. 68 
98Tl4 140 2 -0 . 363  10 . 68 
98Tl4 140 1 -0 . 165 10 . 68 
98Tl4 140 1 0 . 183 10 . 68 
98Tl4 140 2 0 . 382  10 . 68 
98Tl4 140 3 0 . 538 10 . 68 
98Tl4 140 4 0 . 656  10 . 68 
98Tl4 140 5 0 . 771 10 . 68 
98Tl4 140 6 0 . 86 1  10 . 68 
98T14 ·140 7 0 . 938 10 . 68 
98Tl4 140 8 1 . 100 10 . 68 
TABLE XI 
MEASURED POSITIONS OF ISOCH ROMATIC FRINGES 
IN DIVERGING CHANNELS 
Di s tance  from Radius 
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of  
I so chro - C ent er al ong Circular 
Photog raph Calculat ion mat ic  C ir cular Arc�r Arc 
Designation Refer ence Order em.  em . 
98B19 133 6 - 1 o 06 l  10 . 31 
98B19 133 6 -0 . 621  10 . 3 1 
98B19 133 5 - 0 . 435 10 . 31 
98Bl9 133 4 - 0 . 312  10 . 3 1 
98Bl9 133 3 -0 . 227 10 . 31 
98Bl9 133 2 -0 . 135 10 . 31 
98Bl9 133 1 - 0 . 042 10 . 31 
98Bl9 133 1 O o 04 2  10 . 3 1 
98B19 13 3 2 O o l32  10 . 31 
98B19 133 3 0 . 225 10 . 31 
98Bl9 13 3 4 O o 306 10 . 31 
98Bl9 133 5 0 . 432  10 . 3 1 
98Bl9 133 6 0 . 609 10 . 31 
98B19 133 6 1 . 06 1  10 . 31 
98Bl9 13 4 5 - 1 . 164  11 . 31 
98Bl9 134 4 - O o 631  11 . 31 
98Bl9 134 3 - O o 418 11 . 31 
98B19 134 2 -0 . 181  11 . 31 
98Bl9 134 1 -(l..,; 066 l1 o 3l 
98Bl9 134 1 0 . 06 9  11 . 31 
98Bl9 13 4 2 0 . 181 11 . 31 
98Bl9 134 3 0 . 29'3 11 . 31 
98Bl9 134 4 0 . 424 11 . 31 
98Bl9 134 5 0 . 63 1  11 . 31 
98Bl9 13 4 5 1 . 164  11 . 31 
98Bl9 135 8 -0 . 908 8 . 8 1  
98Bl9 135 8 -0 . 59 2  8 . 81  
98Bl9 135 7 -0 . 433 8 .8 1  
98Bl9 135 6 - 0 . 346  8 . 81  
98Bl9 135 5 -0 . 274  8 . 81 
98Bl9 135 4 -0 . 215 8 . 8 1  
98Bl9 135 3 - 0 . 141  8 . 81  
98Bl9 13 5 2 - 0 . 087 8 . 81 
98Bl9 135 1 -0 . 031 8 . 81 
98Bl9 13 5 1 0 . 036 8 . 8 1  
��Positive dis tan c e s  above cente r  line , negative , be low . 
Pho t og raph 
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TABLE XI ( cont i nued ) 
MEASURED POSITIONS OF ISOCHROMAT I C  FRINGES 
IN DIVERGING CHANNELS 
Distance  from Radius of 
I s o chro - C enter a long C ircular 
C alculat ion rna tic  C ircula r Arc Arc 
De s ignation Re ferenc e Order e rn .  e rn .  
98Bl9 135 2 0 . 097  8 . 81 
98Bl9 135 3 O o l36  8 . 81 
98Bl9 135 4 0 . 213 8 . 8 1 
98Bl9 135 5 0 . 26 9  8 . 81 
98Bl9 135 6 0 . 34 4  8 . 81  
98Bl9 13 5 7 0 . 426 8 .8 1  
98Bl9 135 8 0 . 55 4  8 . 81 
98Bl9 135 8 0 . 9 08 8 . 81 
98Bl4 141 5 -0 . 738 9 . 80 
98Bl4 141 4 - 0 . 488 9 . 80 
98Bl 4 14 1 3 -0 . 336 9 . 80 
98Bl4 141  2 -0 . 202 9 . 80 
98Bl4 1 41 l -0 . 083 9 . 80 
98Bl4 141 l 0 . 086  9 . 80 
98Bl4  1 41 2 0 . 20 0  9 . 80 
98Bl4 141 3 0 . 336  9 . 80 
98Bl4 141 4 0 . 482  9 . 80 
98Bl4 141 5 0 . 758 9 . 80 
98Bl5 14 2 4 -0 . 88 4  8 . 59 
98Bl5 142 3 -0 . 502  8 . 59 
98Bl5 142 2 -0 . 300 8 . 59 
98Bl5 . 142 l -0 . 125 8 . 59 
98Bl5 142 l 0 . 125  8 . 59 
98Bl5 142 2 0 . 307 8 . 5 9 
98Bl5 142 3 0 . 5 10 8 . 59 
98Bl5 142 4 0 . 884 8 . 59 
98Bl6 14 3 3 -0 . 737 8 . 47 
98Bl6 143 2 -0 . 417 8 . 47 
98Bl6 143 l -0 . 182 8 . 47 
98Bl6 143 l 0 . 19 2  8 . 47 
98Bl6 143 2 0 . 422  8 . 47 
98Bl6 143 3 0 . 7 25 8 . 47 
98Bl8 144 7 - 1 . 065  10 . 34 
98Bl8 144 7 -0 .. 463 10 . 34 
98Bl8 144  6 -0 . 353  10 . 34 
Photograph 
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TABLE XI ( continue d )  
MEASURED POSITI ONS OF ISO!CHROMATI C FRINGES 
IN DIVERGING CHANNELS 
D is t anc e from Radius of 
I s o chro- C ent er along C ircular 
Ca lculation mat i c  C i rcular Arc Arc 
De s igna t ion Re ferenc e Order em . em. 
98Bl8 14 4 5 -0 . 286 10 . 34 
98Bl8 144 4 -0 . 213 10 . 34 
98Bl8 144 3 - 0 . 159 10 . 34 
98Bl8 144 2 -0 . 087 10 . 34 
98Bl8 144  2 0 . 090  10 . 34 
98Bl8 144 3 0 . 156  10 . 34 
98Bl8 144 4 0 . 217  10 . 34 
98Bl8 144 5 0 . 289  10 . 34 
98Bl8 144  6 0 . 367 10 . 34 
98Bl8 144 7 0 . 472 10 . 3 4  
98Bl8 144 7 1 . 065 10 . 34 
TABLE XII  
MEASURED POSIT I ON OF IS OCH ROMATIC FRINGES 














































































Vertical  Distanc e 
fro m Channe l Bot tom 
em . 
0 . 393 
O o 816 
1 . 273 
1 . 726 
2 . 160 
0 . 303 
0 . 816 
1 . 273 
1 . 726  
2 . 160  
0 . 387 
0 . 808 
1 . 273 
· 1 . 748 
2 . 168 
0 . 043 
0 . 382  
0 . 813 
1 . 8 1� 
2 . 164 
2 . 490  
0 . 15 6  
0 . 340 
0 . 524 
0 . 722  
0 . 979  
1 . 538 
1 . 780 
1 . 970  
2 . 1.57 
2 . 34 4  
0 . 01 4  
0 . 133 
0 . 26 3  
0 . 437 
0 . 798 
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TABLE XII ( continued ) 
MEASURED P OSI TION OF ISOCHROMATIC FRINGES 
ALONG VERTI CAL GRID LINES ABOUT CYLINDER 













































































Vert ic a l  Di st anc e 
from Channe l  Bottom 
em . 
0 . 972 
l o l56 
l o 358 
1 .. 5 40 
1 . 710 
2 . 070 
2 . 237 
2 o 370 
2 . 51 2  
0 . 072  
0 . 15 9  
0 . 254  
0 . 433  
0 . 768  
0 . 859  
0 . 930 
0 . 992  
1 . 045 
1 . 438 
1 . 49 1  
1 . 5 58 
1 . 638 
1 . 74 7  
2 . 100 
2 . 26 1  
2 . 374  
2 . 462  
0 ., 087 
0 . 152  
0 . 228 
0 . 320 
0 . 436  
0 . 548 
0 . 635 
0 . 693  
0 . 74 9  
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TABLE XII ( cont inue d )  
MEASURED POS ITION OF I SOCHROMATIC FRINGES 
ALONG VERTI CAL GRID LINES ABOUT CYLINDER 













































































Verti cal  D i s t anc e 
from Channe l Bot tom 
em . 
0 . 780 
0 . 835 
0 . 956  
1 . 592 
1 . 672  
1 . 708 
1 . 749 
1 . 806 
1 . 862  
1 . 951  
2 . 06 6  
2 . 20 2  
2 . 295 
2 . 365  
2 . 444 
0 . 014 
0 . 087 
0 . 15 2  
0 . 228 
0 . 310 
0 . 390 
0 . 739  
0 . 803 
0 . 852 
1 . 648 
1 . 704 
1 . 748 
2 . 137 
2 . 215 
2 . 295 
2 . 365  
2 . 44 4  
2 . 526  
0 .. 087 
0 . 17 9  
0 . 284 
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·TABLE XII ( continued ) 
MEASURED POSITION OF ISOCHROMATI C  FRINGES 
ALONG VERTICAL GRID LINES ABOUT CYLINDER 
Hor i zontal  












































































Vert i cal Di s tanc e 
from Channel  Bottom 
em . 
0 . 364  
0 . 520 
0 . 597 
0 . 759 
0 . 910 
1 . 273 
1 . 6 40 
1 . 765  
1 . 878 
2 . 021  
2 . 134 
2 . 235 
2 . 335 
2 . 434  
0 . 043 
0 . 202 
0 . 342 
0 . 46 9  
0 . 729 
0 . 980 
1 . 595 
1 . 800  
2 . 037 
2 .. 180 
2 . 30 1  
2 . 435  
0 . 036  
0 . 242  
0 . 404  
0 . 567 
0 . 794  
1 .. 177 
1 .. 510 
1 . 782  
1 . 928 
2 .. 092 
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TABLE XII ( cont inued } 
MEASURED POSITION OF ISOCH ROMATIC  FRINGES 
ALONG VERTICAL GRID LINES ABOUT CYLINDER 











































































Verti cal Dis tance  
from Chann e l  Bot tom 
em. 
2 . 240 
2 . 4 21 
0 . 139  
0 . 36 1  
0 . 560 
0 . 751  
1 . 008 
1 . 533 
1 . 776  
1 . 938 
2 . 036  
2 . 34 2  
0 . 064 
0 . 368  
0 . 604 
1 . 89 1  
2 . 036  
2 . 424 
0 . 02 2  
0 . 368 
0 . 698 
1 . 840 
2 . 036  
2 . 45 9  
0 . 006 
0 . ;568 
0 � 765 
1 . 770 
2 . 036 
2 . 480 
0 . 368 
0 . 812  
1 . 27 3  
1 . 642  
2 . 036 
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TABLE XII  ( c ont inued ) 
MEASURED POS ITI ON OF IS�JCifROMATIC FRINGES 
ALONG VERTICAL GRID LINES ABOUT CYLINDER 















Vert i c a l  D i s tance  
from Chann e l  Bottom 
em . 
0 . 393  
0 . 816  
1 . 273 
1 . 726  
2 . 160 
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TABLE XIII  
VALUES OF THE ISOCLINIC ANGLE ALONG 
VERTI CAL GRID LINES ABOUT CYLINDER 
Hori zontal I s o c linic 
Grid Angle Vert ical 
Number d egre e s  C oo rdina te 
4 45  1 . 92 
4 30 2. 5 4  
4 15 2 . 7 1 
4 0 , 90 2 . 80 
4 75 2 . 86 
4 60 3 . 03 
4 45  3 . 15 
4 30 3 . 42 
4 15 3 . 63 
4 0 , 90 4 . 00 
4 75 4 . 37 
4 60 4 . 5 9  
4 45  4 . 83 
4 30 4 . 89 
4 15 5 . 06 
4 0 , 9 0 5 . 18 
4 75 5 . 25 
4 60 5 . 52 
4 45  6 . 06 
5 45  1 . 02 
5 30 1 . 47  
5 15 1 . 74 
5 0 , 90 2 . 13 
5 75 2 . 27 
5 60 2 . 47 
5 45 2 . 69 
5 30 3 . 06 
5 15 3 . 37 
5 0 , 90 4 . 00 
5 75 4 . 6 6  
5 60 4 . 97 
5 45  5 . 32 
5 30 5 .4 6  
5 15 5 .. 70 
5 0 , 90 5 . 85 
5 75 6 . 22 
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TABLE XIII  ( c onti nued ) 
VALUES OF THE ISOCLINIC ANGLE ALONG 
VERTICAL GRID LINES ABOUT CYLINDER 
Hor i z ont al I s o c linic 
Grid Angle Vert i cal 
Number degre e s  Co ordinate  
5 60 6 . 6 5  
5 45 6 . 98 
6 4 5  0 . 48 
6 30 0 . 89 
6 15 1 . 26 
6 0 , 90 1 . 84 
6 75 2 . 00 
6 60 2 . 11 
6 45  2 . 5 2  
6 30 2 . 91 
6 15 3 . 18 
6 0 , 90 4 . 00 
6 75 4 .8 0  
6 60 5 . 10 
6 45  5 .4 9  
6 30 5 . 74 
6 15 5 . 98 
6 0 , 90 6 . 14 
6 75 6 . 6 9  
6 60 7 . 15 
6 4 5  7 . 51 
7 45  0 . 22 
7 30 0 . 87 
7 15 1 . 35  
7 0 , 90 1 . 80 
7 75 1 . 93 
7 60 2 . 20 
7 45 2 . 56  
7 30 2 . 87 
7 15 3 . 13 
7 0 , 90 4 . 00 
7 75 4 . 87 
7 60 5 . 1 5  
7 45  5 . 42 
7 30 5 . 8 5  
7 15 6 . 09  
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TABLE XIII  ( continued ) 
VALUES OF THE ISOCLINIC ANGLE ALO'NG 
VERTI CAL GRID LINES AB�UT CYLI NDER 
Hori z ontal I s oclini c 
Grid  Angle Vert ical  
Number .degre e s  Co ordinate 
7 0 , 90 6 . 20 
7 75 6 . 65 
7 60 7 . 17 
7 45  7 . 78 
8 45 0 . 38 
8 30 1 . 62 
8 15 1 . 85  
8 0 , 90 1 . 93 
8 75 2 . 02  
8 60 2 . 14 
8 45  2 . 76 
8 30 2 . 95 
8 60 5 . 06 
8 45 5 . 1 9 
8 30 5 . 9 0 
8 15 6 . 00 
8 0 , 90 6 . 06  
8 75 6 . 25 
8 60 6 . 37 
8 45 7 . 50 
9 45  0 � 07 
9 60 1 . 96 
9 75 1 . 98 
9 90 , 0  2 . 00 
9 15 2 . 01 
9 30 2 . 2 5  
9 45  2 . 72 
9 60 2 . 91 
9 30 5 . 04 
9 45  5 . 27 
9 60 5 . 78 
9 75 5 .. 87 
9 90 , 0  5 . 9 1 
9 15 6 . 01  
9 30 6 . 13 
9 45  7 . 94 
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TABLE XI I I  ( c o nt inue d )  
VALUES O F  THE ISOC LINIC ANGLE ALONG 
VERTI CAL GRID LINES ABOUT CYLINDER 
Ho ri zontal I s ocl ini c 
Grid Angl e  Vert i cal  
Number degre e s  C o ordinat e 
10 45 0 . 12 
10 60 1 . 67 
10 75  1 . 84 
10 90 , 0  1 . 96 
10 15 2 . 08 
10 30 2 . 15 
10 45 2 . 4 0 
10 60 2 . 72 
10 75 3 . 02 
10 90 , 0  4 . 00 
10 15 5 . 00  
10  30 5 . 25 
10 45 5 . 5 5  
10 60 5 . 76 
10 75  5 . 84 
10 90 , 0  5 . 95 
10 15 6 . 11  
10 30 6 . 43 
10 4 5  7 . 87 
11 45 0 . 25 
11 60 1 . 25 
11  75 1 . 56 
11 90 , 0  1 . 77 
11 15 1 . 93 
11 30 2 . 04 
1 1  45 2 . 33 
11 60 2 . 67 
11 75 3 . 02 
11 90 , 0  4 . 00 
11 15 4 . 98 
11  30 5 . 33  
11 45 5 . 6 1 
11 60 5 . 88 
11  75  6 . 00 
11 90 , 0  6 . 17 
11 15 6 . 34 
TABLE XI I I  ( c ontinued ) 
VALUES OF THE ISOCLINIC ANGLE ALONG 
VERTICAL GRID LINES ABOUT CYLINDER 
Horiz ontal I soc linic 
Gri d Angle verti c al 
Number degre e s  Co ordinat e 
l l  30 6 . 73 
ll  45 7 . 7 5  
12 45  0 . 43 
1 2  6 0  1 . 20 
12  75  1 . 60 
12 90 , 0  1 . 77 
12 15 2 . 00 
12 30 2 . 13 
12  45 2 . 4 2 
12  60  2 . 7 5  
12  75 3 . 07 
12 90 , 0  4 . 00 
12 15 4 . 93 
12 30 5 . 2 7 
12  45  5 . 5 3  
1 2  60 5 . 77 
12 75 5 . 99 
12 90 , 0  6 . 18 
12 15 6 . 32 
12 30 6 . 7 2  
12 45  7 . 56 
13 45  0 . 72 
13 60 1 .4 3  
13 75 1 . 83 
13 90 , 0  2 . 04 
13 15 2 . 24 
13 30 2 .3 6  
13 45 2 . 6 2 
13 60 2 . 94 
13 75 3 . 20 
13 90 , 0  4 . 00 
13 15 4 . 8 1 
13 30 5 . 07 
13 45  5 . 33 
13 6 0  5 . 5 5  
13 75 5 . 75 
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TABLE XII I  ( con tinued ) 
VALUES OF TH E  ISOC LINIC ANGLE AUJNG 
VERriCAL GRID LINES ABOUT CYLINDER 
Hori z ontal I soc linic  
Gri d Angle  Vert ical 
Number degre e s  Coordina t e  
13 90 , 0  5 . 92 
13 15 6 . 0 7  
13 30 6 . 4 2 
13 45 7 . 28 
1 4  45  1 . 17 
14  60 2 . 00 
14 75 2 . 3 2 
14 90 , 0  2 . 54 
14 15 2 o 66 
14 30 2 . 79 
14 45 3 . 00 
14 60 3 . 24 
1 4  75 3 .  42 
14  90 , 0  4 . 00 
14 15 4 . 62 
14 30 4 . 78 
14  45 4 . 98 
14 60 5 . 13 
14 75 5 . 33 
1 4  90 , 0  5 . 43 
14 15 5 . 57 
14  30  5 . 87 
14 45 6 . 84 
15 45  1 . 87 
15 60 2 . 80 
15 75 3 . 07 
15 90 , 0  3 . 25 
15 15 3 . 2 8 
15 30 3 . 35 
15 45 3 . 5 0 
15 60 3 . 65 
15 75  3 . 72 
15 90 , 0  4 . 00 
15  15 4 . 22  
15 30 4 .3 1  
15 45 4 -. 50 
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TABLE XIII ( continue d )  
VALUES OF 'THE ISOCLINIC  ANGLE A LONG 
VERTICAL GRID LINES ABOUT CYLI NDER 
Hori zont al I s oc linic  
Grid Angl e ve rt ic al 
Number degre e s  Co ordinate 
15 60 4 . 63 
15 75 4 . 67 
15 90 , 0  4 . 7 3  
15 15 4 . 85 
15 30 4 . 98 




SAMPLE CALCULATION : STRAIGHT PARALLEL FLOW 
The following ta ble contains a complet e  sample of  the 
c alculati ons ma de for ea ch of t he s traight parallel  flow s it­
uat ions analyze d . Each co lumn i s  keyed to a legend be low the 
t able  in order to show the procedur e for obtai ning the values 
in a given c olumn . General data a re g iven be low . S e e  Appen­
dix C for a fuller  explanation of the he ad ings . 
Photograph Des ignat ion 
Data Reference 
Calculation Reference 
Channel  Dimens ions 
Measure d Temperatur e 
Measure d Flow Rate 




1 . 250 em. x 12 . 49 em. 
24 . 95°C 




SAMPLE C ALCULATIONS FOR STRAIGHT PARALLEL FLOW 
( 1 )  
I s ochro ­


















( 2 )  
Measure d 
Dis tance  
from Bo ttom 
y 1 , in . 
0 
0 . 100 
0 . 183 
0 . 270 
0 . 356 
0 . 4 45 
0 . 530 
0 . 615  
0 . 702 
0 . 78 6  
0 . 871  
0 . 958 
1 . 04 5  
1 . 130 
1 . 230 
( 3 )  
Vert i c al 




0 . 102 
0 . 186 
0 . 274  
0 . 362  
0 . 452  
0 . 539 
0 . 6 25 
0 . 713 
0 ., 885 
0 . 974 
1 . 062 
1 . 148 
1 . 250 
( 4 )  
E. 
s e c- 1  
11 . 15 
9 . 24 
7 . 46 
5 . 58 
3 . 70 
0 
1 . 88 
3 . 7 0  
5 . 58 
7 . 46 
9 . 2 4 
11 . 15 
{ 5 )  
y, cm .  
0 
0 . 1  
0 . 2  
0 . 3  
0 . 4  
0 . 5  
0 . 6  
0 . 625  
0 . 7  
0 . 8  
0 . 9  
1 . 0  
1 . 1  
1 . 250  
( 1 )  From flow phot ograph 
( 2 )  Measured  from photograph 
( 4 )  From opti cal c alibra­
t ion  curve for T-7  
( 5 )  Arbit rary ( 3 ) By rat i o 1 • 2 50 ( y 1 ) ' 1 . 230 
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TABLE XIV ( c ont inue d )  
SAMPLE CALCULATIONS FO R STRA IGHT PARALLEL FLOW 
( 6 )  _ ( 7 }  ( 8 )  
f:;,.y, em . � , s e c - 1  du em. dy6Y' seC":'"  
0 . 1  12 . 20 1 . 220 
0 . 1  10 . 07 1 . 007 
0 . 1  8 . 00 0 . 800 
0 . 1  5 . 88 0 . 588 
0 . 1  3 . 7 4 0 . 374 
0 . 1  1 . 6 2  0 . 162 
0 . 025 0 . 24 0 . 006 
0 . 075 0 . 80 0 . 060 
O . l  2 . 6 4 0 . 264  
O . l  4 . 77 0 . 477 
O . l  6 . 9 5  0 . 6 95 
O . l  9 . 12 0 . 912 
0 . 150  11 . 78 1 . 767 
( 6 }  Arbitrary 
( 7 )  Graphi cally from Figure 
10 
( 8 )  ( 7 )  X ( 6 )  
( 9 )  ( 10 }  
v em. - em.  v, __ 'se'C:" .s e c . 
0 
0 . 6 1 
1 . 220 
1 . 73 
2 . 227 
2 . 6 6  
3 . 027 
3 . 35 
3 . 615 
3 . 83 
3 . 989  
4 . 09 
4 . 15 1  
4 . 15 
4 . 157/ 4 . 175  4 . 14 
4 . 115 
4 . 00 
3 . 85 1  
3 . 62 
3 . 374 
3 . 05 
2 . 6 79 
2 . 24 
1 . 767 
0 . 95 
0 
( 9 ) Sum o f  v alue s  of  
wal l  outward 
( 10 )  Graphic ally from 
( l l )  Sum of values  of  
wall  outward 
Calculated flow rate = 43 . 4  c c . /s e c . 
Per cent deviation  from me asured flow ra te  = 1 . 8  
( 11 ) 
2 v� y � 
' s e c . 
0 . 06 1  
0 . 173 
0 . 266  
0 . 335 
0 . 383 
0 . 409 
0 . 10 4  
0 . 311 
0 . 400 
0 . 362  
0 . 305  
0 . 224 
0 . 143 
( 8 }  from 
Figure 10 
( 10 )  from 
13'9 
APPENDIX E 
SAMPLE CALCULATION : CONVERGING FLOW 
The deve lopment o f  the velocity pro fi le fo r c onverg ing 
or d iv erg ing flow re quires the numer i c al s oluti on of the 
fi rst  order d i ffer ent i al e quation 
av 
On 
= + �  v �  - ;;r  ( 18 ) 
along a line of c ons tant s ( i . e . , a s tream normal ) and sub-
j e c t  to the b oundary conditions of zero vel o c ity at the 
channel  walls . Thi s e quation is of the form 
dV 
an = g ( V , n )  ( 44 )  
and was s o lved  numer i cally by the me thod of  Runge and Kutta  
( 28 ) . Thi s  method re quires the cal culat ion  o f  five differ -
enc e approximat i ons fo r each inc rement in the i ndependent 
vari able , n. The la st  of the s e  is  the desi re d  inc rement in 
V .  Let  6n be the chos en inc rement in n and l et n0 and V0 
be the value s of  n and V re spect ive ly at the beginning o f  the 
i ncreme nt .  Then the five differenc e approximati ons in t e rms 














(02 ( no l 4V 2 ) an 0 - ;72 
4 kl 2 (JE2 ( no + �) - r ' 2 ( Vo + 2 ) ) a n 
VE2 ( no + 6n ) 2 -
(JE2 ( n0 + 6n ) -
4 
r ' 2 
k2 2 ) ( Vo· + 2) ,6n 
4 
+ k3 l
2 ) an ---'2( Vo 
r ' 
1 
( kl + 2k2 + 2k3 + k4 ) 6 
k2 , 
= difference approximat i ons re quire d 
k4 Rung e-Kutta integrat i on me th o d  
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( 45a )  
( 45b ) 
{ 45 c ) 
{ 45d )  
( 45 e ) 
by 
6n = increment in  n , di s t ance  along s tre am 
normal 
6V = increme nt in  v co rre s ponding to  !1 n 
no = value of n at beginning of increment 
Vo = value of v at beginning of increment 
Start ing with the known ve lo c ity of z ero along the channel 
walls , e quati on ( 18 )  was int e grated by this meth od working 
from bot h walls out to the c ent er o  The me th od i s  illus trated 
for a s pe c i fi c  integrat ion in Table XV on t he following page s . 
General dat a are g iven be low wi th head ings  as expla ined in 
Appendix C o  An int e rpolat i on plot for c al culat ing E at 
141 
various value s of n is given in Figure 20 . 
Phot ogra ph Des ignati on 97Bl6 
Data Re ference 10297 
Calculat ion Referenc e 138 
Channe l  Type Convergent 
Measured Temperature 
Measure d Flow Rate  33 . 6  cu . cm. /s ec . 
Te s t  Fluid Des ignation T-7 
Stre am Normal Radi us 7 . 538 em. 
= 4 = 0 . 07040 cm�2 
( 7 . 538 ) 2 
TABLE XV 
SAMPLE CALCULATION .FOR CONVERGENT FLOW 
( 1 )  ( 2 )  ( 3 )  ( 4 )  ( 5 )  ( 6 )  ( 7 ) 
Angle  of D i s tance  from 
I s o chromatic  C enter of 
Int ers e c t io n  Channel a lo ng Rate  of  
with Stream S tream Normal Defo rma ti o n  E ( n0 ) I s ochromat ic  Normal n E no .(\n 
Order radian s  em.  s ec :-1 em.  em .  s e c . - 1  
4 ( Top ) 0 . 10298 0 . 776 7 . 21 - 0 . 776  7 . 21 
0 . 116 
3 0 . 07359 0 . 555 5 . 4 1  -0 . 660  6 . 37 
0 . 160 
2 0 . 05207 0 . 392  3 . 6 0  -0 . 500 4 . 84 
0 . 20 0  
1 0 . 02589 0 . 195 1 . 79 - 0 . 300 2 . 62 
0 . 300 
0 0 . 74 6  
0 . 300 
1 0 . 02618 0 . 197 1 . 79 0 . 300 2 . 63 
0 . 200 
2 0 . 05236 0 . 395 3 . 60 0 . 500 4 . 84 
0 . 160 
3 0 . 07359  0 . 555 5 . 41 0 . 660  6 . 3 9  
0 . 116  
4 ( Bet tom)  0 . 10298 0 . 776  7 . 21 0 . 760 7 . 21 
Legend : ( 3 )  7 . 538 X ( 2 )  { 5 )  Arbi t rary ( 7-) From plot of 
( 1 )  From - flow pho tograph { 4 )  From T - 7  opt ical  ( 6 )  Arbitrary E v s . n ( Fi g . 
( 2 ) Measured from photogra ph calib rat i o n  20 ) made from 
( 3 )  and ( 4 ) . 1-' � 
M 
TABLE XV ( continued ) 
SAMPLE CALCULATION FOR CONVERGENT FLOW 
{ 8 ) { 9 ) { 10 ) { 11 )  ( 12 )  ( 13 )  ( 14 )  
E2 ( no ) _L v 2 E2 ( no ) - ; 2vo2 _jE ( no ) 2.,_ �2v q 2 k1 E ( no+�n ) E2 ( no+� ) s e c . - 2 r ' 2 o 2 
51 . 90 0 51 . 98 7 . 21 
0 . 8364 6 . 81 46 . 38 
40 . 58 0 . 0438 40 . 54 6 . 367 
1 . 0187 5 . 68  32 . 26 
23 . 43 0 . 2015 23 . 23 4 . 820 
0 . 9640 3 . 68 13 . 54 
6 . 970  0 . 4133 6 . 557  2 . 561  
0 . 7683 1 . 51 2 . 280  
0 . 7650  1 . 50 2 . 250  6 . 917 0 . 4133 6 . 504 2 . 550 
0 . 9640 3 . 67 13 . 47 
23 . 43 0 . 2020 23 . 23 4 . 820 
1 . 021.9 5 . 68 32 . 26  
4 0 . 83 0 . 0439 40 . 70 6 . 387 
0 . 8364 6 . 82  46 . 5 1  
51 . 98 0 51 . 98 7 . 21 
( 8 )  ( 7 ) 2 
{ 31 ) 2 
( 12 ) ( 10 )  x �n 
{ 9 )  0 � 07040 X ( 13 ) From plot of E v s . n 
( 10 ) (� ( 9 ) ( 14 ) ( 13 ) 2 
( ll )  10 ) 
1-'1 � 
:� 
( 15 ) 
k1 Vo + -
2 
0 , 4182 
1 , 298 
2 .. 174 
2 . 807 
2 . 806 
2 . 176 
1 . 301 
0 . 4182 
( 15 )  
( 16 ) 
TABLE XV ( continued ) 
SAMPLE CALCULATION FOR CONVERGENT FLOW 
( 16 )  
4 ( V k1 ) 2 � o + -g-
0 , 0123 
0 .. 1186 
0 . 3327 
0 . 5547 
0 . 5543 
0 . 3333 
0 . 1192 
0 . 0123 
( 3 1 ) + ( 12 ) 2 
0 , 07040 X ( 15 ) 2 
( 17 )  
E2 ( n + LU:\.) _ _4_ ( v 0 + k 1 ) 2 o 2 r ' 2 2 
46  .. 37 
32 . 14 
13 . 21 
1 . 725 
1 . 696 
13 . 14 
32 . 14 
46 . 50 
( 17 )  
( 18 )  
{ 14 ) - ( 16 ) 
.J(I7f 
( 18 )  
6 . 810 
5 . 669 
3 . 635 
1 . 3135 
1 . 302  
3 . 625 
5 . 669  
6 . 819 
( 19 ) 
k2 
. o .  7900 
0 . 9070 
0 . 7270 
0 . 3941 
0 . 3906 
0 . 7250 
0 . 9070 
0 . 7910 
( 19 ) 
( 20 ) 
TABLE XV ( continued )  
SAMPLE CALCULAT ION -roH CONVERGENT FLON 
( 20 ) 
k Vo + 2 -z-
0 . 3950 
1 . 243 
2 . 056 
2 . 620 
2 . 618 
2 . 057 
1 . 244 
0 . 3955 
( 21 ) k 4 2 2 
�( Vo + 2) 
0 . 0110 
0 . 1088 
0 . 2976 
0 . 4833 
0 . 4825 
0 . 2979 
0 . 1089 
0 . 0110 
( 18 ) x L'l n 
( 3 1 )  + (�) 
( 22 )  
E2 ( not [ln ) - 4 ( V + 
k2 ) 2 . -z- � 0 -z-
( 2 1 )  
( 22 )  
46 . 37 
32 . 15 
13 . 2 4  
1 . 797 
1 . 767 
13 . 17 
32 . 15 
46 . 50 
0 . 007040 X ( 20 ) 2 
( 14 )  - ( 21 )  
E2 (n0+ �) - _i___ ( V0+ 
r ' 2 
6 . 810 
5 . 670 
3 . 639  
1 .  3 405 
1 . 3295 
3 . 629  
3 . 670 
6 . 819  
( 23 )  
( 24 )  
k3 
0 . 7900 
0 . 9072 
0 . 7298 
0 . 4022 
0 . 3989 
0 . 7258 
0 . 9072 
0 . 7910 
( 24 )  
.( 25 ) 
TABLE XV ( continued ) 
SAMPLE CALCULATION FOR CO.NVERGENT FLOW 
( 25 )  
Vo + k3 
0 . 7900 
1 . 696 
2 . 420 
2 . 825 
2 . 822 
2 . 420 
1 . 697 
0 . 79 10 
( 26 )  
- 4 2 � ( Vo + k3 ) r '  
0 . 04 40 
0 . 2025 
0 .. 4123 
0 . 5618 
0 . 5606 
0 . 4123 
0 . 2027 
0 . 0440 
( 23 )  x l::.n 
( 3 1 )  + ( 24 )  
( 27 )  
E2 ( n + 6n ) - � ( Vo + k3 ) 2 o r ' 
( 26 )  
( 27 )  
40 . 54 
23 . 23 
6 . 558 
0 
0 
6 . 505 
23 . 23 
40 . 79 
0 . 07040 X ( 25 ) 2 
( 8 )  - ( 26 ) 
( 28 )  
;-·2 4 2 " . .  E ( no + 6n )  - r ' 2 ( V o + k 3 ) \. 
6 . 367  
4 . 820 
2 . 561  
0 
0 
2 . 551  
4 . 820  
6 . 387 
( 2 8 ) .J'(27) 
TABLE XV ( c ontinued ) 
SAMPLE CALCULATION FOR C ONVERGENT FLOW 
( 29 )  
k4 
0 . 7386 
0 . 7712 
0 . 5122 
0 
0 
0 . 5 101 
0 . 7712 
0 . 7409 
(29) 
( 30 )  
( 30 }  (31 )  
·/::,. v Vo 
0 
0 . 789  
0 . 781 
0 . 903 
1 . 692 
0 . 731 
2 . 423 
0 . 393 
2 . 816 
2 . 814 
0 . 391  
2 . 433 
0 . 729 
1 . 694 
0 . 904 
0 . 790 
0 . 790 
0 
{28) � . 
�- [( 1 2 )  �- 2 ( 19 )  + 2 ( 24 )  + ( 29 ]  (32) 
{ 33 ) 
( 3 1 ) - Previous · ( 3 1 ) + ( 30 )  . 
Calculated  Flow Rat e  = 36 . 6  cu . cm./s e c .  
( 32 )  
v 
0 . 41 
1 . 26 
2 . 07 
2 . 69 
2 . 68 
2 . 07 
1 . 24 
0 . 39 
From curve 
( Se e  Figure 
{ 32 )  x !::,. n 
Per c ent  Deviation from Measured Flow Rate  = +8 . 9  
{ 33 ) 
V 6. n 
0 . 048 
0 . 202 
0 . 414 
0 . 807 
0 . 804 
0 . 4 14 
0 . 198 
0 . 045 
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D I STA N CE F ROM CENTER OF CHANNEL 
ALONG A STR E AM NORMAL , C M . 
Figure 20 . Interpolat ion plot o f  rate of 
de formation ve rsus dis tance from cent e r  of  channel 
along a circular arc ;  convergent flow 
APPENDIX F 
SAMPLE CALCULATIONS : THE CYLINDRICAL OBSTACLE 
149 
The fai rly extens ive calculations require d for the de -
termination of the s tream funct ion are pre s ent ed  he re in  s am-
ple and tabular form. The order of pres entation follows that 
in which the c alculations were made , i . e . : ( a )  c alcula tion 
of the s t ream function ups tre am from the cylinder ( Table XVI ) ; 
( b )  det e rmination of the i s ocli nic  angle and rate  of deforma-
tion at c e rtain points from the flow pat t e rn  photographs , and 
throughout the field by interpolat ion (Figure  21 ) ;  ( c )  de -
termination of the x-component of the deformat ion rate at the 
corne rs of the c oordinate grid ( Figure 22 and following page ) ;  
and ( d )  det e rmination of the s tream functi on at the corners 
of the c oordinate grid by iteration from equation ( 24 )  ( re­
sults  in Figure 15 , Chapte r V ) . I t  should be  not ed here that 
orig inal data us ed in the s e  calculations and s ample plots  are 
g ivsn in Table s XII and XIII , Appendix c .  
Calculation  o f  t he Stream Func tion ,  t , acro s s  
the Channel Upstream from the 
Cylindri cal Obs tacle  
This calculatio n  is  ident ical  with that shown in  Appen­
dix D for flow in a s traight channel .  Hence  only tho s e  col-
umns c o rre sponding to ( 5 ) and ( l l )  in Appendix D wi ll be  
1.50 
TABLE XVI 
STREAM FUNCTION , '/J , UPSTREAM FROM CYLINDER 
Di stanc e from u 6 y lJ; Bottom 
y , em.· cm. 2/s e c . cm . 2/s ec . 
0 1 . 893 
0 . 165 
0 . 318 1 . '728 
0 . 434 
0 . 637 1 . 294 
0 . 604 
0 . 955  0 . 690 
0 . 690 
1 . 273 0 
0 . 690 
1 . 591 - 0 . 690 
0 . 609 
1 . 910 - 1 . 299 
0 . 432 
2 . 228 - 1 . '731  
0 . 169 
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2.0 20 0 
1 .0 
2 3 4 5 6 
V E R T I CA L  COOR D I NAT E  N U M B E R  
( COOR D I N ATE SPACI N G , 0.318 CM.) 
7 8 
Figure 2 1 .  Interpolation plot for i soclinic 
angle and rat e of  de formation along vert i cal grid 
line number 6 
U) 
1 0  
0 
3 . 59 3 . 59 
8 
0 0 
2 . 62 2 . 62 
7 
0 0 
1 . 72 1 . 72 
6 
0 0 




0 . 82 0 . 82 
0 0 
1 . 70 1 . 70 
2 
0 0 
2 . 62 � . 62 
1 
0 0 




3 . 6 1 3 . 72 4 . 05 4 . 62 6 . 0 9  8 . 19 
0 0 0 0 0 0 
2 . 58 2 . 56 2 . 54 2 . 55 3 . 19 4 . 47 
39 . 7  39 . 7  39-.7 38 . 3  36 . 6  
45 . 0  45 . 0  4 5 . 0  6 4 . 0  6 4 . 2  
0 5 . 3  5 . 3  5.3 25.7 27 . 6  
1 . 63 1 . 52 1 . 20 0 . 51 2 . 06 3 . 25 
4 1 . 4  4 1 . 7  42 . 3  4 3 . 9  4 0 . 6  38.4 
4 5 . 0  4 5 . 0  46 . 6  84 . 4  11 . 0  20 . 0  
3 . 6  3 . 3  4 . 3  40 . 5  -29 . 6  -18.4 
0 . 83 0 . 64 1 . 00 1 . 15 3 . 46 6 . 41 
4 3 . 2  43 . 5  4 2 . 8  4 2 . 5  38 . 1  34.3 
45 . 0  4 5 . 0  20 . 5  68 . 0  67 . 0  67 . 5  
1 . 8  1 . 5  -21 . 3  15 . 5  28 . 9  33 . 2  
0 0 . 13 o . 8o 1 . 57 4 . 87 9 . 10 
0 4 5 . 0  4 5 . 0  4 5 . 0  4 5 . 0  4 5 . 0  
0 . 81 0 . 64 1 . 00 1 . 04 3 . 24 5 . 85 
43 . 2  43 . 5  4 2 . 8  4 2 . 7  38 . 4  34 . 9  
4 5 . 0  45 . 0  60 . 0  31 . 9  22 . 0  15 . 0  
1 . 8  1 . 5  17 . 2  -10 . 8  - 16 . 4  - 19 . 9  
1 . 63 1 . 49 1 . 20 0 . 83 1 . 77 3 . 16 
4 1 . 4  4 1 . 7  42 . 4  4 3 . 1  4 1 . 1  38 . 6  
45 . 0  4 5 . 0  43 . 5  5 . 4  74 . 0  3 1 . 0  
3 . 6  3 . 3  1 . 1  -37 . 7  33 . 9  3 2 . 4  
2 . 62 2 . 59 2 . 65 2 . 87 3 . 55 4 . 53 
39 . 6  39 . 5  39 . 1  37 . 9  36 . 5  
4 5 . 0  4 5 . 0  4 5 . 0  25 . 3  27 . 1  
0 5 . 4  5 . 5  5 . 9  - 12 . 6  - 9 . 4  
3 . 69 3 . 72 4 . 20 4 . 7 7  6 . 12 8 . 22 
0 0 0 0 0 0 
2 4 5 6 7 
9 . 50 9 . 50 8 . 33 6 , 27 
0 0 0 0 
4 . 80 4 . 70 4 . 35 3 . 82 
36 . 1  36 . 3  36 .7 36 . 5  
48 . 1  37 . 3  J6 . o  34- . 1  
12 . 0  1 . 0  - 0 . 7  -2 . 4  
1 . 20 2 . 87 2 . 63 2 . 11 
4 2 . 3  39 . 1  39 . 5  4 0 . 5  
14 . 0  10 . 0  o . o  74-.8 
-28 . 3  -29 . 1  -30 . 5  34.3 
6 . 00 7 . 16 4 . 96 3 . 60 
35 . 9  37 . 8  
15 .0 15 .0 
30 -30 -20 . 9  -22 . 8  
4 . 80 4 . 06 
4 5 . 0  45 . 0  
6 . 00 6 . 72 4 . 95 3 . 60 
35 . 9  37 . 8  72 .) 75 . 0  
-30 30 36 . 4  37.2 
1 . 85 3 . 16 2 . 30 2 .09 
4 1 . 0  38 . 6  40 . 1  40 . 5  
76 . 0  o . o  J .l. 1) . 0  
35 . 0  -38 . 6  -36 . 7  - 17 . 5  
5 . 15 4 . 53 4 . 80 4 . 04 
35 . 7  36 . 5  36 . 1  37 . 1  
4 1 . 3  52 . 5  53 . 7  56 . 2  
5 . 6  16 . 0  17 . 6  19 . 1  
9 . 60 9 . 60 8 . 48 6 . 63 
0 0 0 0 
8 9 10 11 
HORIZONTAL COORDINATE 
4 . 99 
0 
3 . 07 
38 . 7  
J5 . 2 
-3 . 5  
0 . 97 
42 . 8  75 .0 
32 . 2  
1 . 93 
4 0 . 9  
18 . )  
-22 . 6  
2 . 71 
4 5 . 0  
1 . 98 
4 0 . 7  71 .7 
3 1 . 0  
1 . 12 
4 2 . 5  
15 . 0  
- 27 . 5  
3 . 52 
38 . 0  
5 6 . 2  
18 . 2  
5 . 31 
0 
12 
4 . 32 3 . 82 3 . 67 3 . 60 3 . 59 
0 0 0 0 0 
2 . 62 2 . 62 2 . 62 2 . 62 2 . 62 
39 . 5  
4 0 .8 
1 . 3  0 0 0 0 
0 . 66 1 . 06 1 . 38 1 . 55 1 . 70 
43 . 5  42 . 6  4 2 . 0  41 . 6  
10 . 0  )2.6 4-3 .6 4-5 . 0 
-33 . 5  - 10 . 0  1 . 6  3 . 4  0 
0 . 94 0 . 68 0 . 57 0 . 71 0 . 79 
4 2 . 9  4 3 . 4  43 . 7  43 . 4  25.9 4-8 .0 JO.O 4-5 . 0  
-17 . 0  4 . 6  - 13 . 7  1 . 6  0 
1 . 71 0 . 98 0 . 58 0 . 28 0 
45 . 0  4 5 . 0  4 5 . 0  45 . 0  0 
0 . 87 0 . 65 0 . 58 0 . 73 0 . 78 
43 . 0  43 . 5  43 . 7  43 . 4  6J .J 4-5 . 0  7 0 . 0  4-5 .0 
20 . 3  1 . 5  26 . 3  1 . 6  0 
0 . 98 1 . 26 1 . 43 1 . 63 1 . 70 
42 . 8  42 . 2  4 1 . 9  4 1 . 4  85 .7 6o .o  4-6.o 4-5 .o  
4 2 . 9  17 . 8  5 . 0  3 . 6  0 
2 . 97 2 . 79 2 . 76 2 . 68 2 . 6 2  
38 . 9  3 9 . 2  39 . 3  
4 9 . 4  4 5 . 0  45 . 0  
10 . 5  5 . 8  5 . 7  0 
4 . 53 4 . 03 3 . 83 3 . 68 3 . 61 
0 0 0 0 0 
13 14 15 16 17 
Ve rt i c al o rde r o f  t abulat ion : 
( to p  t o  bo t t om in a s quare , 
value s not us e d  a re 
omi t t e d ) 
maxi mum rat e  o f  de format ion , E ,  
ext inct ion ang l e , degre e s  
i s o c linic angl e , degre e s  
-1  s e c  
angl e  between dire c ti on o f  E and 
hori zont al , B , degr e e s  
Figure 22 . T abulat ion o f  int e rmedi a t e  data at the c orne rs 
of the c oordinat e grid 
3 . 59 
0 
2 . 62 
0 
1 . 72 
0 




0 . 82 
0 
1 . 7 0  
0 
2 . 62 
0 
3 . 6 1  
0 
18 
reproduced  here . I t  was shown in  e quation ( 28 ) that 
y 
t ( y )  = �( 0 )  -� udy 
0 
In the form fo r graphi cal integrat ion , this be comes 
� < Y ) = t < o ) - �u 6 y 
153 
( 28 )  
(28a ) 
where u i s  obta ined from a plot of u versus y s imilar to that 
in Figure 10 . The values of y and o/ ( 0 )  were arbitrari ly s et 
at z ero at  the c ent e r  of the channel .  General data are given 
below , with he adings as explained in Appendix c .  
Photog raph Des ignation 18-3a 
Data Reference 22018 
Calculat ion Reference 157-160 
Channe l Dimensions 2 . 5 46 em. x 12 . 41 em. 
Measured Temperature 25 . 00°C 
Measured  Flow Rate 4 4 . 3 cu . cm. /s e c . 
Te s t  Fluid Des ignation T-8 
Calculation of Exy at a Corner of 
the Coordinate Grid 
Point chos en : 5 1  ( 5 -horizontal , 1-vert ical ) 
Value of E :  2 . 87 s e c�l ( from isochromat ic  photog raph and 
opt ical calib rat ion , by inte rpolation .  
S e e  Figures 21  and 22 ) 
Value o f  extinc t i on angle : 39 . 1  degree s  ( from optical 
calib ration )  
1.54 
Value  of i s o clini c angle : 45 . 0  degrees  ( from i s o clinic photo-
( Angle between plane of graphs , by int e rpola-
polarizat ion and hori z ontal , t ion .  See  Figure s 21  
at which an  i s oclinic appears ) and 22 ) 
Value of h2 = 0 . 1013 ( from c oordinate s pacing ) 
Value of  8 = ( i s oclinic  angle ) - ( extinc t ion ar.gle ) 
= 45 . 0  - 39 . 1  
= 5 . 9  degree s  
co s 2 8 = cos ( l0 . 6° ) = 0 . 979 
Exy = 
2 h Exy 
Point 
E c o s  2 8  = 2 . 87 X 0 . 979 = 2 . 81 
= 0 . 1013 X 2 . 81 = 0 . 285 
Calculation of lj! (x + h , y )  by Iteration 
chos en : 62  for \j; (x + h , y )  
� ( x  - h , y ) = - 1 . 294 ( from Table X )  
� ( x , y h )  = -0 . 690 ( from Table X ) 
�· ( x , y  + h )  = - 1 . 728 ( from Table X ) 
h2Exy = - 0 . 174 ( from calculat ion s imilar t o  above ) 
\jl ( x + h , y )  = 't{x , y + h )  + 't <x , y - h ) - 't ( x - h ,y )+h2Exy ( 24 )  
'f ( x +  h , y )  = - 1 . 728 - 0 . 690 + 1 . 294  - 0 . 174  = - 1 . 298 
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APPENDIX G 
CALCULATION OF THE VISCOUS DRAG COEFFICIENT 
Cons ider the viscous drag force  exe rted  on  a long c ir­
cular cylinder normal to the s t ream flow o The v i s c ous drag 
forc e  is de fined as the forc e exerted per  uni t length of cyl­
inder , in t he d i re c t ion of s tre am flow , by the v i s c ous for c e s  
on  the surfac e  of the cylinder . Fo r a di fferent ial  surface 
element o f  cylind e r , this fo rce may be  expre s s e d  a s  follows : 
( 46 )  
a.nd 
dS = � • d/3 ( 4 7 ) 
where  
Dr = vi s cous d rag for ce on cylindrical surface  
T' = maximum shear s t re s s  in flu i d  along s urface 
o f  cylinder 
8 = angle made by T with pos itive  x axi s  ( here  't" 
mus t  &c t tangent to surface o f  cylinder ) 
d = di ameter of cylinder 
/3 = po la r angle ins ide cyl inder 
The s e  re lat ions may be  s e en in Figure 23 . Since 't" mus t  lie  
in the plane o f  a s olid  boundary , one can find 8 for any 




Back fl-OW- reg-i-ens- ­
( vortexe s ) 
Figure 23 . V i s c ous drag force s  on a c ircular 
cyl inder  
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pho tograph of  the i s ochromati c pat t e rns about the cylinder , 
s inc e T is  spec ifie d at each point where an isochromatic  
touches  the cylinde r wall . Figure 16  shows such a s i tuat ion . 
I t  has been  po int ed ou t by Tomot iko ( 31 )  and othe rs , 
that  even at ext reme ly low Reyno lds numbe rs there exi s t  two 
stable  vortexes o n  the downs t re am s id e  of a cylinde r normal 
to the s t ream flow ( See  Figure 23 ) .  The s e  vort exe s would 
affe c t  the dire c t i o n  of act ion of T along the back s ide of  
the cyl inde r caus ing it to  act  7r radi ans away .from its  di-
r e c t ion of act ion were there no back flow 6 ( In e ithe r cas e 
T acts  along the tang ent plane to  the cylinde r . ) The point 
at which the s e  regions of back flow begin should be ma rked  by 
a z e ro i s o chromat i c  on bot h uppe r and lower surfaces  of the 
cylinde r 6  Unfortunately the iso chromat ic pat terns a re too  
faint in t he ne ighbo rhood of the cylinde r to  a llow lo cat ion 
of thes e po int s . 
However , e s t ima tes  of the i s o chromat i c  pos itions along 
157 
the cylinder were made from the photograph of Figure  16  and a 
graphical evaluation was made of  the expre s s ion 
= 
27T 
� J T C O S  8 • d {3 
0 
( 48 )  
as indi cated above . Value s for E for each i s o chromati c  were 
obtaine d  from the opti cal c alibration curve of s o lut ion T-8 , 
and were mult ipli ed by the vi s co s i ty of 0 . 26 5 - poi s e . t o  yield 
corre sponding values of  T .  8 was obtaine d from the t angent 
plane to the cylinde r ,  with di rect ion  cho s en in the dir e c t ion 
of flow ; forwa rd ove r the upstream port ion , and revers e over 
the down s t re am po rt ion beyond the e s t imate d  po int s  of vani sh-
ing shear .  The cal culations are tabulated  in T able XVII . 
Gene ral data are t he s arne as tho s e  in Appendix F .  
From Table XVII ,  the sum o f  the values  i n  c olumn ( 11 )  · 
multiplied  by 0 . 359 em . , the radius of the cylinder , g ives  
the t otal drag for ce  per  unit  length , . Dr = 1 . 268 dynes • em.  
For purpose s  of comparison , this  i s  expre s s ed in  t e rms of  the 




= ' fr i c t i onal drag coeffic i ent 
U = mean flow velo c i ty in channe l 
( 49 )  
( 1 )  
TABLE XVII  
CALCULATION OF THE VISCOUS DRAG FGRCE 
ON A CYLINDRICAL OBSTACLE 
( 2 )  ( 3 ) ( 4 )  ( 5 )  
I s o chro -
{j e E mat i c  degrees , 
O rder ·radians minutes c o sO s e c . - 1  
4 0 •. 4698 116° 55 1 -0 . 4527 4 . 80 
3 0 . 8334 137 45 -0 . 7402 3 . 60 
0 1 . 1 14 0 
3 1 . 524 - 2 40 0 . 9989 3 . 60 
4 1 . 737  9 30 0 . 9863 4 . 80 
4 1 . 857  16 25 0 . 9592  4 . 80 
5 2 . 006 24 55 0 . 9069 6 . 00 
6 2 . 05 1  27 30 0 . 8870 7 . 20 
7 2 . 180 34 55 0 . 8200 8 . 40 
7 3 . 748 -55  15 0 . 5700 8 . 40 
6 3 . 879 -47 45 0 . 6724 7 . 20 
5 3 . 984  -41  45 0 . 7461 6 . 00 
4 4 . 244 -26 0 0 . 8923 4 . 80 
4 4 � 481  - 13 15 0 . 9734 4 . 80 
3 4 . 852  8 0 0 . 9903 3 . 60 
0 5 . 166  0 
3 5 . 377 - 141 55 -0 . 7868 3 . 60 
4 6 . 155 - 97 20 -0 . 1276 4 . 80 
Legend : 
( l )  From i s o chromat i c  photograph 
( 2 )  From i s ochromati c  photograph 
( 3 ) f3 + goo 
( 4 )  cos- { 3 ) 
( 5 ) From optical cal ibration curve of T-8 
( 6 )  0 . 265 X ( 5 ) 
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1 . 274 
0 . 956  
0 
0 . 956 
1 . 274 
1 . 274 
1 . 593 
1 . 912 
2 . 230 
2 . 230 
1 . 912 
1 . 593 
1 . 274 
1 . 274 
0 . 956 
0 
0 . 956 
1 . 274 
{ 7 ) 
Tco s 8  
-0 . 577 
-0 . 708 
0 
0 . 955  
1 . 257 
1 . 223 
1 . 223 
L 696 
1 . 829 
1 . 271  
1 .285 
1 . 189 
1 . 137 
1 . 240 
0 . 947 
0 
-0 . 752 
-0 . 1626 
Legend : 
{ 7 ) 
( 8 ) 
( 9 ) 
( 10 ) 
( 11 ) 
TABLE XVII ( c ontinue d )  
CALCULATION OF THE VISCOUS DRAG F�RCE 
ON A CYLINDRICAL OBSTACLE 
( 8 ) 
_fL 
0 
0 . 4  
0 . 8  
1 . 2  
1 . 6  
2 . 0  
2 . 4  
2 . 8  
3 . 0  
3 . 2  
3 . 6  
4 . 0 
4 . 4  
4 . 8  
5 . 2 
5 . 6  
6 . 0  
6 . 28 
( 6 ) X ( 4 ) 
Arbi trary 
Arbi trary 
From plot o f  
( 9 ) X ( 10 ) 
( 9 ) ( 10 ) ( 11 ) 
_0}_ rcos() !:::.8 x r cos() 
0 . 4  -0 . 279 -0 . 112 
0 . 4  -0 . 644 -0 . 257 
0 . 4  - 0 . 310 - 0 . 124 
0 . 4  0 . 713 0 . 285  
0 . 4  1 . 235 0 . 444 
0 . 4  1 . 813 0 . 726 
0 . 4  1 . 787 0 . 714  
0 . 2  1 . 332 0 . 267 
0 . 2  0 . 418 0 . 084  
0 . 4  0 . 987 0 . 395  
0 . 4 1 . 270 0 . 508 
0 . 4  1 . 158 0 . 463 
0 . 4  1 . 183 0 . 474  
0 . 4  0 . 573 0 . 229  
0 . 4  -o . 685 -0 . 274 
0 . 4  -0 . 564 -0 . 226 
0 . 28 -0 . 200 -0 . 056  
T cos () vs . {3 
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The calculat ion i s  i llus trat ed be low : ( Calculation refer-
ence 163 ) 
u = 44 . 2  cu. cm./s e c . = 1 • 402 cm. /s e c . 12 . 41 cm.x2 . 546 em. 
2 ( 1 . 268) (gm.  cm.V(cm.  s e c . 2 ) 
2 
1 . 002 � ( 1 . 402 ) 2 � 0 . 7 18 
cm. 3 s ec . 2 
em.  
= 1 . 83 
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A val ue fo r c ompa ri son purpos e s  may be obta ined from 
the theore tical  formula of Bai rs tow ( 3 ) , de rived for flow in 
a bounded  channe l at a Reyno lds numbe r le s s  than 0 . 1 .  Bai r-
s tow ' s formula i s  as fo llow� . 
where 
= 7 . 10 
Re 
Re = Reyno lds number ,  defined in  e quation ( 29 )  
For the p re s ent cas e of  Re = 3 . 81 one obtains a value of  
= = 1 . 86 
which agr e e s  qui te  well with the value 1 . 83 obtain e d  from 
the fl ow doub le refra ct ion measurement s .  
( 50 ) 
� 1  
APPENDIX H 
OPTICAL CALiaRATI�N DATA 
All  d oubl e  re fract ion measurement s  re po rted  in the 
pre s ent work we re made us ing one of two t e s t  s oluti ons , 
des ignate d ,  re spect ively ,  T-7 and T-8 . Opti cal c alibration 
dat a  fo r the s e  s olut ions are pre s ented  in Figure 24 on the 
fo llowing p age . Curve s  showing amount of double refract ion 
versus rat e  of defo rmat i on are pre s ent ed for  s o lut i on T -7 at 
t empe rature s of 24 . 75° , 24 . 95° , and 25 . 20°C . ; and for s o l­
ution T-8  at 25 . 00°C .  A curve o f  ext inc t ion angle versus 
rat e of de format ion is shown for soluti on T-8 at a t empe rature 




























1 5  
1 0  
5 
Figure 2 4 .  Opt i c al calib ration c urv e s  for t e s t  
s o lut ions T-7 and T-8 
APPENDIX J 
Symbo l  Meaning 
a Dis tance from cent e r  t o  t op or bot t om of r e c t an-
gular channel 
b Width of rectangular channe l  
CDr 
Vis c ous d rag coeffi c ient for c i rcular cyl inder 
d D iameter of cylindrical  obs tacle  
D Rate of d i lation in  a vis c ous fluid 
Df Vis c ous  drag force , exe rted in the dire ction o f  
flow , on a unit leng th of c ircular cylinder  with 
axi s  normal to  the flow 
E Maximum rate of de format ion  at a poi nt in a vi s -
cous fluid 
Et Rate  of de formation in a v i s c ous flu id a long a 
plane ori ent ed at an angle � to  the horizont al  
Exy Rat e  of defo rmat ion in a vis c ous fluid along a 
ho ri z ont al  plane 
f Fo cal length of  came ra lens 
f Func ti onal notation  
g Functional notat ion 
G Rat e  of pure shear in a vi s c ous fluid 
h Incr emental d i s tance  in x and y coo rdinat es  for 
163. 




in diffe rence fo rm 
Differenc e approximat ions us ed in  the numerical  
s o lut ion of  a first  orde r ordinary di fferent ial 
e quati on by the method of Runge and Kut ta 
Stre am normal coordinate , dis tance  a long a curve 
normal to a s e t  of s t re amline s 
164 
Va lue of st re am no rma l at the s t art  of an inc rement 
in the numerical  s o lut ion of a di ffe rential  e qua­
t io n  by the Runge-Kutta method  
6.n I nc rement a l  dis tanc e normal to  s treamline s  taken 
at e ach s t ep of the Runge-Kutta me th od for numeri­
c al s o lut ion of a different ial e quat ion 
N Tot al distanc e from wall t o  wall  o f  channe l taken 
along a s t ream normal 
p Pre s sure in a moving vis cous fluid  
Q Volume t ri c  di s cha rg e through flow channe l 
r Radi us of curvature  of a s t reamline  
r '  Radius of curvature  normal to  a s e t  of  s t reamline s 
Re Reyno lds number 
s Streamli ne coordinate , dis tance  a long s t re amline 
S Surface  a rea  per  unit length of a c i rcular cylinder 
t t ime 
u Fluid ve locit y  component in x dire ct i on 
U Mean flow veloc ity of fluid in a channe l ,  i . e . , the 
Symbo l  Meaning 
rat io of volumet ric  dis charge to  channe l c ro s s  
, ·  
s ec t ional are a 
v Fluid ve lo c it y  component in y direct ion 
V Fluid v e loc ity along a s t re amline 
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V0 Value o f  fluid  velocity along a s t re amline at the 
s tart of an inc reme nt in the numerical  s o luti on 
o f  a diffe rent i al equat ion by the Runge-Kutta method 
�V Increme nt al s t reamline velo c i ty chang e calculated  
by the Runge-Kutta procedure , corre s ponding to in-
crement al  dis tanc e , 6 n ,  along s t ream norma l 
x Horizontal  coordinat e - re ctangular C arte s ian sys tem 
y Ver t i c al coordinate - re ct angular Cart e s i an sys t em 
$ Pola r ang le ins ide c i rcula r cylinder  
8 Angle  made by dire c t i on of maximum shear s t re s s  
with the hori zontal  in a moving vi s cous fluid 
� Fluid vi s co s ity 
� Angle measured from hori zont al �ade by an arbit rary 
dire ction in a moving viscous fluid 
� Ratio  of c i rcumferenc e to  the diame t e r  o f  a c ircle 
p Fluid dens ity , mas s  per uni t vo lume 
ux Normal s t re s s  exe rt ed in x-di re c t ion in  a moving 
vi s cous fluid 
uy Norma l s t re s s  exe rted in y-dire c t ion in a movi � 





Maximum shear s tre s s  at a po int in a mov i ng vis cous 
fluid 
Shear st res s in a mov ing vi s c ous  fluid ,  a ct ing on 
a plane o riented at angle � to t he hori zont al  
Txy Shear s t re s s  act ing in po s it ive x di re c tion on a 
sur face fac ing in po s it ive y di re c t ion in a moving 
vis c ous fluid 
Tyx Shear s t res s  act ing in pos i t ive y d i re c t ion on a 
sur fa c e  fac i ng in  pos i tive x direct i on in a moving 
vi s c ous fluid 
¢ Angle made by a streamline with the hor i zontal 
�· St oke s s t ream func tion 
